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Abstract: Deterministic models have been used in the pashterstand the epidemiology of infectious diseasest
importantly to estimate the basic reproduction nemB, by using disease parameters. However, the appmaatooks
variation on the disease parameter(s) which aretifum of R, and can introduce random effect op R this paper, we
estimate the Ras a random variable by first developing and aatya deterministic model for transmission pateoh
pneumonia, and then compute the probability distidm of R, using Monte Carlo Markov Chain (MCMC) simulation
approach. A detailed analysis of the simulatedstr@iasion data, leads to probability distributiorRgfas opposed to a single
value in the convectional deterministic modelingmach. Results indicate that there is sufficiefibimation generated
when uncertainty is considered in the computatibRpand can be used to describe the effect of parambtnge in
deterministic models.
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breastfeeding, indoor pollution, antecedent virdkgtion
amongst others [5, 16].
Deaths due to pneumonia can occur within three days

1. Introduction

Pneumonia is a disease characterized by an inflaompa W
condition of the lungs and is caused by either dvéat illness and therefore a prompt recognition andtitneat

fungi, parasites or viruses. A high proportion afes of with an effectivg drug is crucial. The treatment of
pneumonia is reported to be caused by bacteris3125, pneumococcal diseases has been successful by use of
especially Sreptococcus Pneumoniae  [5,9,16].  An antibiotics such as: penicillin, chloramphenical &ildren
individual can be infected by pneumonia if he/shieaies 2nd_erythromycin for those patients who are alterg

small droplets of coughs or sneezes containingpgtoteria.  Penicillin [2,10]. However, a number of studies &av
Others carry the bacteria in their mouth or flor& oindicated that the bacterium develops penicillsistance [2,

nasopharynx without causing any harm [9,14,25] (efer 22, 10]. che_r antibiotics that have been_usedemfully
to them as carriers). However, the carriers do get &€ amoxicillin and co-trimoxazole which are edyal
infected until the bacteria find its way into thangs [7,14].  €ffective for non-severe pneumonia [2]. Over the éecade,

This is possible when the immunity of the indivitlis there has been a significant impact on the empi&Etment
compromised. of infections caused b$reptococcus Pneumoniae due to

Once the bacteria enter the lungs, they settlehin + the substantial increasing trend of its resistaoantibiotic
alveoli and passages of the lung where they raggjdbyw drug [37]. The drug-resistant strains cqntribute.tup35
and multiply in number. The invaded area of thegltinen ~ Percents of pneumonia cases [17] resulting to higmber

get filled with fluid and pus as the body attemptsfight ~ ©f deaths in many parts of the developing world.
off the infection [14]. This makes breathing diffi Vaccination has also been used to reduce the imcgdef

painful and limits the intake of oxygen. Studiesligate Infections due toSreptococcus Pneumoniae in- high-risk
that the risk factors that are associated withsieead of ~Patients [31,10]. Hib vaccine used against the pramoccal
pneumonia include: malnutrition, lack of exclusivediS€ases was proven to have protective efficacgtgréhan
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90% since it's inclusion in the national immunipas pneumonia in a population divided according thésedse
programs [10]. Two more vaccines for pneumonia (&tatus of six compartments (Susceptible, Vaccinated
23-valent polysaccharide for adults and a 7-valeripfected, Carriers, Treatment and Recovered). The
protein-conjugated polysaccharide for children) ehaso  Susceptible population can be increased by newitewznt
been in use since in 1983 and 2000 respectively3@jo Of individuals through either birth or immigratioat a
despite substantial argument over their effica®j.[8 new constant rates. A proportion of susceptible that moves to
13-valent pneumococcal polysaccharide-protein agatgi the vaccmated class Wher_1 the_y receive a vacciamsigthe
vaccine (PCV13 [Prevnar13]) was licensed in 20160er  disease is¢ . The vaccine is expected to protect an
for more serotype [20]. Studies show that pneumoaies [ndividual from getting infected by the bacteriawrever
have been reduced by 20% when vaccination is use ere |sap033|p|llty ofthe vaccine to wane [_aﬂhe rat_ew
however it is faced with a number of challengesesfstance .whelre 1- w 1S vaccine efficacy) exposing v:_:lccmated
that is always developed by the bacteria. Majoetyment |n.d|V|duaIs.to infections. The susqepubk_e can m‘eqtgq by

of the vaccines against the bacteria is also ptapal to the either carriers or by symptomatically infected indual

. . with a force of infectiond. The force of infection of a
challenges but yet only 23 strains are coveretiencurrent , L : = )
) vaccinated individual is1, = €A, where € is the
vaccine programs.

> . . roportion of the serotype not covered in the vaeciA
Pneumonia is infectious and is known to be onehef t brop P

. - L i newly infected individual can either become a earwith a
'ead'”‘-?J causes of mo.rb|d|ty and m.ortahty n thaeigplng probabilityp or show disease symptoms with a probability
countries with approximately 1.9 million people nlyiof the

. . L , (1 — p). The carriers can develop disease symptoms and
disease per year [33] translating to 4 individuf&g per  pecome symptomatically infectious [13] at a rateor

minute in the developing countries due to pneumonigecover to gain immunity against the bacteria aerage
Despite the increasing focus to reduce mortalitythe rate g, Therapeutic treatment can be applied to the iatec
developing countries arising from the Millennium gt the ratef. The rate of transfer from treatment class is
Declaration and from the Millennium Development Géa denoted by9. The transfer out of the treatment class is due
of United Nation-MDG [37], the under-five mortalitgte  to movement to recovery class if the treatmentfestve or
has generated renewed interest in the developnienb®  movement to infected class if the treatment isfauive.
accurate assessments of the number of deathsieitimals The proportion of individuals for whom treatment is
aged less than 5 years. Moreover, monitoring thereme effective is denoted by. When treatment is applied, we
of interventions to control these deaths has beaooeal if  assume that bacteria will be cleared and therefmreate of
MDG 4 is to be achieved [16]. Thus it is cruciakstablish  transfer from the symptomatically infected class the
more accurate predictions of the causes of suclthsleacarrier class is negligible. The transfer rate fibminfected
during the period of the first 5 years of living. individuals on the other hand can recover at ecppita rate
Mathematical models of infectious diseases haven be®f n or die from the disease at a rateWe also assume that
used to successfully explain the transmission dycmmf if treatment strategy is used, the infected indiaid can't
many diseases and the use of such models have groWRVe to the carrier class. The rate of losing theunity is
exponentially from mid 20th century [39]. A mathetival ~ denoted byd so that the recovered individual moves to the
model for the transmission dynamics of streptoceccususceptible again. We denote the natural per caqmtéality
infection was previously developed by Doura ef24] and ~ "ate byu. Using the variables anq parameter des:crlbed here,
Ongala et al [23]. However, their models neitherVe generate the systems of differential equatiamstlie

incorporated control strategies nor used probdioilis model as in (2.1).
approach in their simulation.

ds
Probability modeling utilizes presumed probability g = VTORYNV ~(A+4+4)

distribution of certain input assumption to caltelahe N _ e Ut o £l
implied probability distribution of chosen outpuiVe make ot =9S-(urwrel)
use of Monte Carlo simulation technique to simuldte d

basic reproduction number of pneumonia dynamice Th d o AASHAmEAVHACHA-TPT - (Wra+ o)

values of the parameters are sampled from assumed d—Tzfl (9T (1)
probability distribution chosen as the basis for dt
understanding the. behavior of the parameter [2$iis T ac _ S+ peAV —(u+ 1+ B)C
approach of modeling has been described earlidifferent dt
studies viz: Uncertainty and Sensitivity Analysié the ﬁ:ﬁyr +[BC—(u+d)R
Basic Reproductive Rate: Tuberculosis as an Exaf@de dt
and Thg Basic Reproduct!qn_ Number in S| Staged We define the force of infectionas:
Progression Model: A Probabilistic Approach [19].
| +&C

. . A=Y ‘W =kP 2.2

2. Derivation of the Model N @2)

The model considers the transmission dynamics aofhere, ¢ is transmission coefficient for the carrier
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compartmenty is contact rate an@ is the probability that
a contact is effective to cause an infection. Ia thodel, the
total population at time is expressed as;

Ny =S+l *Co *My +To *Ry  (23)

For biological reasons, we assume that all stateas
are more than or equal to zero a any titmieence (2.1) has
the initial conditions given by;

So) 20V 20,Cp 2 0,
Tio)20,Rp 20N 20

From (2.3), boundness of solutions can easily oeegr.
Since;
v

0<Ngy =S+l *Cp) *Viy * Ty + Ry < 7

Then, any variable of Ny, Sy, |4y, Cys Vi Tioy» Rt
. B v
lies in the rang%O,;].

System of equations in (2.1) is then studied imitable
region:

Q={(SV, I,C,T,R)DR?:N(t)s%}

55

Thus 2 is a positively invariant and it is sufficient to
consider solutions starting if? to remain in2. Therefore
£ is biologically feasible region and hence henck i2.
mathematically posed.

3. Analysis of the Model

For easier computation and analysis of (2.1), we us
proportions instead of the population sizes Thepprtion
of each variable can be obtained by dividing thassl
population sizes by the total population to get:

_S® M0 10 . CO . _TO

s= V= = = RO
N’ NI NT' NT) NT)

N(T)

and r =

Then by differentiating fractions with respect itm¢ and
simplifying, we have;
98-V (1-s)+ o1 +an+ais— (Wi +eWe + B)s
d N
The rest of the rates of change of proportion are
determined in the same way. Therefore by substijuti
s=1—-—r—-—v—1i—-—c—t at steady state of (2.1)
we have;

%:qb(l—r—v—i—c— fy+tavi-(w+tOWi+eOWc+pu+ai)

di

dt

df . .
—=(F+ u+ait+aif
" (F+ u+ai)

df

dt

%:rﬂf +fBc—(u+ai+d)r+air

The system (3.1) can now be studied Ih=

{(v,c,i,f,r)}. All the solutions of system (3.1) are
positively invariant inI. Consider the first equation in

system (3.1)

% =g@d-r-v-i—-c-f)+avi—-(wrOWi+OWc+u+ai)v

Lcp-@roruy
Solving for v(t) gives

b yye@romn

g +w+

As t - oo weobtain0 < v(t) < 1
Similar proof can be established foft), i(t), f(t) and
r(t). Hence all feasible solutions of system (3.1)titgrin

v(t) (3.2)

—=(@A-p)Wi+tWec)(X-r-v-i-c-f)*0Ov)+mc+(1-tWf-@+&+u+ail+ai2

(3.1)

—=p(Wi+Wec)(A-r-v-i—-c-f)+0OV)-(r+LB+u+ai)+taic

I’ remains inC where;

r={(vgi, f,r)0R;, v,c,i,r 20}
andv+c+i+f+r<l

3.1. Basic Reproduction Number

We use the next generation approach to determiaee th
basic reproduction number of (3.1). LEt be the rate of
appearance of new infections into the compartment a

V; =V"-V" where V;* is the rate of transfer of

individuals into a particular compartmentg; is the rates
of transfer out of the compartment. Then we compudad
V which are evaluated by finding the partial detiva at
disease free equilibrium of; and V;respectively. We
obtain R, (the basic reproduction number with treatment
and vaccination) by defining the spectral radiusnfchant
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eigenvalue) of the matri¥V —!as;

rut = Pt Do+ )(u+I) (= po+ 1+ = pB) + peda + i+ ST) + (L a + pi+4))
Ha+u+ST)(@+w+ )+ p(a+pu+ (@ +w+ )+ S+ 1)

(3.3)

3.2. Vaccination Effect on the Basic Reproduction Number
W+ (u—pup+m+pB-ppdé

(B )@+ pu+ ET) + p(a + E+ )

Assume there is no treatment, then (3.3) is wriittetavo (3.8)

terms as;
Then R, is a decreasing function with respect 1o
(3.4) implying that any increase in the treatment efficas a
significant strategy for controlling the disease.

R :[,U+D¢+w1q{{(1—,0)(”+ﬂ+ﬂ) +pr3 +pd a+ 4},
U+ (@ + )T+ B+ 1) ’

Equation (3.4) is defined as the basic reproduction L ) . ]
number with vaccination alone. The first term cepends 4. Probabilistic Simulating of the Basic
to the vaccination parameter and can be expressief as; Reproduction Number

prOg+ow - (1-0)

The basic reproduction number is defined as thearyg
HrP+w u+rw

number of secondary infections realized when aacied
individual is introduced into a purely susceptipégulation.

[

Using (3.2), ast > o , o< ? 1 hence |tis one of the most important concern parameter &
prgtw disease to invade a population [30]. It is cleat thhen the

0< P 4 e o < ¢ < 1. Therefore, basic reproduction number is below one, each iatect
H+P+w individual produces less than one newly infectetividual

on an average hence possibility of clearing thedtidn

from the population. We determine which control sweas

and at what magnitude would reduce the Basic Rejotaxh

number below one at a greater percentage by usargdv
The second term of (3.4) corresponds to the basiChain Monte Carlo (MCMC) technique to simulate the

reproduction number,R, without control any control variation of basic reproduction number.

strategy as derived by [23]. Hence we have (3.fpyessed The basic reproduction numbeRg and R, given in (3.3)

n--&0¢ 4

Y (3.5)

as; and (3.7) respectively are derived from a matherahti
model that reflects the biology of the transmissignamics
R Cals) of Pneumonia. TheR, is a function of 13 different
R=A-—"R (3.6) ; : . .
U+ P+w parameters whil&; is a function of 10 different parameters.

When we compute the values of the basic reproductio
From (3.5) and (3.6), it implies thd, < R,. When numbers using single values of the parameters, then

¢ = 0 (implying that there is no vaccination), thenresultis a single value. Since each of the mogalameters
R, = R,. The introduction of vaccination implies thatare uncertain, we consider the parameters to béoran
R, < R,, and consequently R, < 1, thenR, < 1 for variable following different probability distribuths then
¢ >0. study the distribution of the basic reproductiomiver with

the random effects of the parameters.

A probability density function is assigned to each
parameter based on their possible values and pititpalb
occurrence of any specific values. The possiblaegof
the parameters are estimated from literature (sdxeTl).
The parameters with peak values are considered|lnf
approximately triangular probability distributiorhile those
without peak values assumed to follow approximately
uniform probability distribution.

3.3. Treatment Effect on the Basic Reproduction Number

Consider a case when treatment only is used asotont
strategy where = 0(no vaccination) then (3.3) is written as

Yo urINA-p)(r+ B+ ) + p7d

R 8@+ v e+ @+ &)

+tpd  (3.7)

Differentiating R, with respect ta yields

Table 1. The model parameter values and assumed distributions: The Probability Distribution are either uniform (when the minimum and maximum values
are given) or triangular (when peak values are given..

Parameter Units Values Reference
Min Peak Max
% uNO [24]
K per day 1 10 Estimated
P 0.89 0.99 [24]
i «P Expressed as in (2.2)
€ 0.001124 [24]
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Parameter Units Values Reference
P 0.085 0.28 0.338 [26], [15]
T per day 0.00274 0.01096 [24]
n per day 0.0238 0.0476 [34]
o 0.15 0.33 Estimated
d 0 0.3 Estimated
u per day 0 0.00004793 0.0002 [39]
B 0 0.0115 0.0165 [32]
10 0.7 0.8 0.9 [11]
o) 0.15 0.44 [3]
€ 0.2 0.48 0.76 [12]
T 0.3 0.5 Estimated
£ 0.43 0.56 0.78 [15]
The best fit probability distributions f&;, R, R, and R.are
5. Results shown in Table 3 which indicates that when no antr

strategy are used, the basic reproduction numbwrisally

Monte Carlo Markov Chain simulation methods employdistributed with a mean of 5.60 and a standardadiewi of

the most appropriate sampling scheme resultinghintol0,
000 samples for each parameter. For each sampléatic
reproduction number (Ro, Rt, Rv and Rvt) are comgpaind
their empirical probability values calculated whémeir

2.75. This means that any shift on the value ofrtlean to
the right will propagate the disease positively aitgversa.

Table 3. Probability distributions with their parameters specified.

value(s) is less than one and when more than deefedm

Distribution Parameters Estimates Mean
all the 10,000 sample (Table 2).
Ro~ N (1,62) U =5.600=275 E(Ro )=5.60
Table 2. The empirical probability values when the basic reproduction R~ [(x, B) x = 1.7270p = 0.8995 E(Rt )=1.9199
number isless than one and when more than one.
R, ~ Weib(c, 1) k=1.363\ =1.7007 E(Rv )=1.556
Count Empirical Probability .
<1 <1 >1 Ryv ~ Weib(, A) Kk = 1.4833) = 1.2686 E(Rtv )=1.149
Ro 52 0.0052 0.9948
R 2889 0.2889 0.7111 The basic reproduction number when considering
Ry 3755 0.3755 0.6245 vaccination only in distributed according to Weibwith a
Rut 4836 0.4836 0.5164

The histograms and probability distribution fay;, Ry, R
and R are obtained as shown in Figure 1. The fitte
probability distribution for the histograms in Frgul is
approximation of the observed data whose paramaters
given in Table 1 and their P-P plots illustratedrigure 2.

density plot for R_o density plot for R_t
w
s =
o
o
> 5 =
g ° 2 o
g & a8 °
(=]
g = :
c | I N B B B | S T T 1711
2 46 810 4 0 2 4 6 8 10
data data
density plot for R_v density plot for R_tv
w
[=]
_——— - '_—_
= 2 o |
[ <Al £ N
o 8 o
o M o _)_‘L
A e B ] S r T T
0 2 4 6 8 0o 1 2 3 4
data data

Figure 1. Histograms and probability density functions of R,, R, R, and R
of pneumonia model.

shape parameter of 1.363 and a scale parametéf.af/hen
treatment strategy is applied, then the basic rhprion
dquumber is distributed according to gamma with shape
parameters of 1.727 and rate parameter of 0.8Qllfin
when both the treatment and vaccination strategyuaed,
then the basic reproduction number is distributezbeding
to the Weibull with a shape parameter of 1.48 arsdae
parameter of 1.27.

The value of the basic reproduction number R iseful
indicator because it helps to determine whethenairan
infectious disease can spread through a population.

P-P plotfor R_o P-P plot for R_t
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Figure 1. P-P Plot for R,, R, R, and R, of pneumonia model.
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WhenR < 1 then the infection will die out in the long [2]
run. But if R > 1 then the infection will be able to spread
in a population. Using the results in Table 3, wWews in
Table 4 that the probability that the infectionIvdie out or
spread in the population by computing PHR) and P r(R >
1) respectively.

(3]

Table 4. Probability of disease inversion.

P r(Disease will die out) P r(Disease will invade)

(4]

R, 0.0473 0.9527
R 0.3063 0.6937
R, 0.3841 0.6158
Ry 0.5047 0.4953 [5]

6. Conclusion (6]

A quantitative analysis can be performed by using
single-point estimates (referred to as determu)istising
this method, one may assign values for discretarpeters
to see what outcome they might have on the basj
reproduction number from each. For example, wh
parameter values will result to a basic reproductiomber
of 1, less than 1 or more than 1. However, the @gpr
considers only a few discrete outcomes, ignoringdneds
or thousands of others. It also gives equal weigheach
outcome. That is, no attempt is made to assesikétibood
of each outcome.

Monte Carlo simulation is a better way of addregshe [l
drawbacks where uncertain inputs in a model (basic
reproduction number) are represented using randes o
possible values of known (or assumed) probability10]
distributions. By using probability distributionsarameters
can have different probabilities of different outoes
occurring.  Probability distributions are a much reno
realistic way of describing uncertainty in parameigsed in
computing the basic reproduction number. Fittinge th
probability distributions remove any noise that mg
available in your data hence improves the resuitss
explains the difference in Table 1 (probabilitiesnputed
from the simulated data) and Table 3(probabilitesputed
from the fitted probability distribution).
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