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ABSTRACT

Flooding is a worldwide problem with more adverse effects in developing countries.
In Kenya, severe flooding is experienced on the lower tributaries of Lake Victoria,
mainly Budalang’i area. This is indicated in the historical floods of 2003, 2007,
2017 and 2019, leading to mass displacement of people and property destruction.
This has attracted attention of researchers worldwide and application of different
measures to curb flood in the study regions. Mathematical modeling of flood wave
has however not been adopted in Budalang’i flood plain. Therefore this study
formulated, analyzed and simulated the 2D flood wave model with incorporation
of a sink to the Budalangi flood plain. Formulation was applied on existing Navier
Stokes equations with the addition of a sink term on continuity equation. Analy-
sis of the shallow water model entailed transforming the equations using Jacobian
transformation and assessing the nature of flow using Froude number. For simula-
tions of the 2D shallow water model, the study adopted a finite difference scheme
to make approximations which solved the system of equations and displayed in the
figures . It is realized that in the formulation of the 2D shallow equations, appro-
priate model for Budalang’i flood plain is easily derived from the 3D Navier Stokes
equations under flood plain assumptions and addition of a sink term is necessary
for modelling in the flood plain. Assessment of the properties reveals that super-
critical flows are dominant. Addition of a sink term ensures steady state velocity
thus reducing higher frequency and turbulence as well as over bank flows while
incorporating coriolis term has significant effect on the turbulence. The study
concludes that addition of a sink term to the 2D shallow water model will enable
control of the floods in the area of study. The findings will aide disaster manage-
ment stakeholder to come up with a more reliable flood prevention technique and

new knowledge on how source terms can help reduce flood risk.



Contents

Title page . . . . . . . . i
Declaration . . . . . . . . .. ii
Acknowledgements . . . . . ... iii
Dedication . . . . . . . .. iv
Abstract . . . . . . v
Table of Contents . . . . . . . . . .. ... . vi
Index of Notations . . . . . . .. .. ... . viii
Chapter One: Introduction 1
1.1 Background of the Study . . . . . .. ... ... ... . 1
1.2 Basic Concepts . . . . . . . . .. 2
1.2.1  Free Surface . . . . . . . ... 2

1.2.2  Navier Stokes Equations . . . . . . . ... ... ... .... 3

1.23 Catchment . . . . . . ... .. .. oo 4
1.24 Flood Plain . . . . . ... .. ... ... 4

1.2.5  Hydraulic Model . . . ... ... ... ... ... 4
1.2.6  The Shallow Water Model . . . . . ... .. ... ... ... 4

1.3 Statement of the Problem . . . . .. ... ... ... ... ..... 6
1.4 Objectives of the study . . . . . . .. ... ... ... ... ... 6
1.5 Methodology . . . . . . . .. 7
1.5.1 Areaof Study . . . . ... .. ... 8

1.5.2  Mathematical Model . . . . . . ... ... ... ... .... 9

1.6 Significance of the Study . . . . . .. ... ... 12
Chapter Two: Literature Review 13

vi



Chapter Three: Model Formulation, Analysis and Discussion
3.1 Formulation of 2D flood wave model for Budalang’i Flood Plain . .
3.2 Analysis of Shallow water equations for Budalang’i Flood Plain

3.3 Simulations of 2D Shallow water model for Budalang’i flood plain .

Chapter Four: Summary, Conclusions and Recommendations
4.1 SUMMATY . . . o v v
4.2 Conclusions . . . . . . . ..
4.3 Recommendations . . . . . . . ..o

References . . . . . . s,
Appendices

Chapter A Shallow Water Code

Vil

18
19
30
35

47
47
48
48
20

56

57



SWE
v h

Index of Notations

Shallow Water Equation . .

orizontal velocity

h
hu

hv

U
S

U

<l

Bed slope source term w.r.t.x
Bed slope source term w.r.t.y
Friction source term w.r.t.y
Friction source term w.r.t.xz .
projection of the domain . . . .
water height . . . . . ... ...
unit discharge along x coordi-
nate direction . . .. . ...
unit discharge along y coordi-
nate direction . . .. .. ..

vector of conserved variables

is represents a sink or source

Partial derivative w.r.t.x
Diffusive flux vector . . . . ..
Bed slope source term

vertical velocity

Partial derivative w.r.t.y

x direction momentum
y direction momentum
vertically averaged velocity . . .

horizontally averaged velocity

2

12
12
12
12
12
12

12

12
12

12
12
12
12
12
12
12
12

20
20
22
22

viil

1
H
2D

3D

Bottom stress in the x direction 29

Bottom stress in the y direction 29

wind stress in the x direction . 29
wind stress in the y direction . 29
sinkterm . . ... ... ... 29
Inflow of water from rain, river
etc ... 29
Infiltration . . . . . ... .. .. 29
Corresponds to total height . . 29
Two dimensional . . . . ... 29
Three dimensional . . . . .. 29
Atmospheric pressure term . . . 29
z direction momentum 29
Viscous shear stress in x di-
rection on x plane . . . . . . 29
Viscous shear stress in x di-
rection on y plane . . . . . . 29
Viscous shear stress in x di-
rection on z plane . . . . . . 29
Viscous shear stress in y di-
rection on x plane . . . . . . 29
Viscous shear stress in y di-
rection on y plane . . . . . . 29
Viscous shear stress in y di-
rection on z plane . . . . . . 29



Tzx

Tzz

(&N ~ 3 Ne)

SN

Viscous shear stress in z di-
rection on x plane . . . . . . 29

Viscous shear stress in z di-
rection on y plane . . . . . . 29

Viscous shear stress in z di-
rection on z plane . . . . . . 29

Coefficient of dynamic viscosity 29

Pressure at free surface . . .. 29
Fluid density . . ... ... .. 29
vertical displacement . . . . . . 34
coriolis force . . . . . . ... .. 34

water perturbation in the hor-

izontal direction . . .. .. 34
water perturbation in the ver-

tical direction . . .. . ... 34
linear term for vertical velocity 34
linear term for horizontal velocity 34
linear term for free surface dis-

placement . . ... ... .. 34
Taylor Series expansion . . .. 38

Bed slope source term w.r.t.x 38

Beta plane approximation . . . 49
Timestep . . ... ... ... 49
grid Spacing in z direction . . 49
Grid spacing in y direction . . 49

Water depth . . . .. ... ... 49

Angle of wind direction . . . . . 49

1X



Chapter 1

Introduction

This chapter contains the background of the study, basic concepts, statement of
the problem, objectives of the study, methodology and significance of the study.

These are presented in the subsequent sections

1.1 Background of the Study

A flood is a large amount of water moving along the earth’s surface in an un-
controlled manner [21]. Mathematical modelling of flood propagation is therefore
the quantitative description of the characteristics and evolution of this flow that
is set up. The quantitative description includes the external boundaries and in-
ternal geometry of the system, the boundary conditions, and the flow terms are
considered. The main aim of mathematical modelling of 2D is the development of
a mathematical framework that entail algorithms to numerically approximate flow
behaviour in an area. [10] Floods in a given area mainly originate from long term
rains or failure of a dam or some other water control structure. Floods can be slow,
extreme or violent based on the nature of their origin. Mathematical modelling

of floods dates back to the 1960’s at the time the first models were suggested
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Ponce[40]. However, over the past decades, many flood prediction models have
been developed and reported in the literature[5]. Flood modelling is governed by
laws that indicate the physical changes that take place in the flow processes [35].
The fundamental mathematical laws that govern the flood phenomenon are the
Navier-Stokes equations. Their solutions are however practically impossible for
the space and time scales of any real case leading to the need of simplified descrip-
tions such as the shallow water equation (SWE) model which is now widely used
[10]. Over time, the development of the shallow water model has been widely used
to model different physical phenomena of water flows such as flood waves, dam-
breaks, tidal flows in estuary, coastal water regions and bore wave propagation in
rivers among other uses. Substantial effort has been devoted to the development
of computational techniques for that kind of fluid flow simulations [15]. However,
most of the studies carried out have dwelt on 1D models and for those that have
attempted the 2D model, they have failed to include a sink term which is very
significant in modelling. The purpose of this study was to carry out flood prop-
agation by means of modelling the 2D shallow water system of equations with

application to the Budalangi flood plain in Busia County, Kenya.

1.2 Basic Concepts

1.2.1 Free Surface

This is the surface of a fluid that is subject to zero parallel shear stress, such as the
interface between two homogeneous fluids, for example, liquid water and the air in
the earth’s atmosphere. Unlike liquids, gases cannot form a free surface on their

own. Fluidized/liquified solids, including slurries, granular materials and powders



CHAPTER 1. INTRODUCTION

may form a free surface.

1.2.2 Navier Stokes Equations

These are equations that describe the motion of viscous fluid substances. These
equations are in the balance form and arise from applying Isaac Newton’s second
law to fluid motion. The assumption that the stress in the fluid is the sum of
a diffusing viscous term (proportional to the gradient of velocity) and a pressure
term hence describing viscous flow is added. The main difference between them and
the simpler Euler equations for inviscid flow is that Navier Stokes equations also
factor in the Froude limit (no external field) and are not conservation equations,
but rather a dissipative system, in the sense that they cannot be put into the

quasilinear. They are expressed as follows,

0w, 00 0w\
or Oy 0z)

@jL @jL @_I_ du —F—@+ 87'm+87-xy+87-m
P Yor v T Ox ox dy 0z

1.1
dp OTpy  OTyy  OTyy (1.1)

p(a*“%“a—y”’a):@—a—y*(ax+ay+az)
ow ow ow ow Op 0Ty,  O1yy 0Ty,

: =F, — = Y .
p( N ) - 82+<8x+8y+8z)

where the first equation is the mass conservation equation in the three dimen-
sions, which are x,y, z. p in the next three momentum equations represents the

fluid density. F, . terms represent force in the respective directions (that is, the

directional momentum). The partial derivatives %, g—z and % represents the

change in pressure in the x,y and 2z directions. 7 indicates the viscous shear

stresses due to the fluid change in momentum.



CHAPTER 1. INTRODUCTION

1.2.3 Catchment

A surface water catchment is the total area that drains into a river. A groundwater
catchment is the total area that contributes to the groundwater component of the

river /basin flow.

1.2.4 Flood Plain

Refers to any area of land over which water flows or is stored during a flood event

or would flow but for the presence of flood defences.

1.2.5 Hydraulic Model

A simplified physical representation of a scaled flow within a river system. It can
be sketched in different dimensions and thus we may not have a specific general
model. In fluid dynamics, it represents a sketch that can picture and visualize
flow field before coming up with a specific design. It is used within the catchment
flood management plan to test the influence of flood risk management measures

on flooding.

1.2.6 The Shallow Water Model

The shallow water model was formulated from the Navier Stokes equations under
the assumption of larger horizontal scale compared to vertical scale. Below is a

typical shallow water model.

U  OF(U) 9G(U)

W-i- B + o = S(U) (1.2)
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where
h hu hv
U= |hu|, FU)= |h?+1igh?|, GU)= huv , and
hw huv hv? + £ gh?
0

S(U) = gh(Soac - Sf:c) )

gh(Soy — Sty)
from which, v and v denote the velocity components in the x and y directions

respectively, h indicates the water depth, ¢ is the acceleration due to gravity, b
is the bottom elevation, Sy, and Sy, are the frictions in the z and y directions

respectively, whereby
Sf _ n2u\/1f12+v2
, = Duvurtt

h3
and
Sfy _ n2vv/ 112—1—1)2

h3
in which n denotes Mannings Roughness Coefficient. Thus the full system of

shallow water equations can be written in conservation form as,

oh  Ohu Ohv

o " or Ty Y

ohu  O(hu*+ 3gh?®)  dhuv ob
= — h—

o v ar oy - T

Ohv N Ohuv N d(hv?® + 3gh?) _ —gh@
ot ox oy Jdy

where u and v are the horizontal and vertical velocities respectively, b represents
the change in bed slope source term and friction source term Sy in the = or y
directions. The other variables, g represents force of gravity, h represents water

height and ¢ represents time. On the right hand side, the change in bed slope source
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terms are negative implying that the bottom is a material surface of the fluid and
therefore not crossed by the flow. Under some assumption and successful derivation

of appropriate model for the flood plain, a Froude number can be obtained.

1.3 Statement of the Problem

Budalang’i flood plain basin has been experiencing consistent floods on the onset
of heavy rains causing loss of lives, destruction of property, outbreak of water
borne diseases and siltation of arable lands. In the recent past, the frequency and
intensity of the floods has greatly increased, partially attributed to climate change
and human activities in the area. In response, few methods have been proposed
to solve the flood occurrences with little success. Mathematical approach to the
solution of the problem using advanced technology such as inundation analysis of
floods using computer-based models and flood routing, has however not been fully
adopted in the area of study. The few mathematical approaches developed have
also not adopted flood wave modeling as an approach to model the phenomena.
This study therefore sought to formulate and analyze the 2D flood wave model

incorporating coriolis force and sinks for Budalang’i flood plain.

1.4 Objectives of the study

The general objective of the study was to carry out mathematical modelling of
flood wave in Budalang’i flood plain in Busia County, Kenya.

The specific objectives of the study were to:
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1. Formulate a 2D mathematical flood wave model for Budalang’i flood plain

basin.

2. Analyze the 2D mathematical flood wave model for Budalang’i flood plain

basin.

3. Carry out the 2D mathematical flood wave model simulations for Budalang’i

flood plain basin.

1.5 Methodology

In objective one, the study sought to formulate the 2D shallow water model appro-
priate for Budalang’i flood plain. Formulation followed from the reduction of the
3D Navier Stokes equations using Leibnitz and Chain Rules. Each of the terms
of the system of equations were integrated respectively, factored and terms recol-
lected in the formulation. The continuity equation from the formulated equations
was finally modified by including a sink term for Budalang’i flood plain.

The sink term in this case referred to the term quantifying the difference between
inflow and outflow and was noted as s;. In the second objective, the study anal-
ysed the shallow water equations formulated for Budalang’i flood plain. Analysis
entailed establishing the nature of flow and the stability condition based on the
Froude number for the flood plain basin with the aide of Jacobian transformation.
Using Nature of wave propagation and Froude number, alternative types of solu-
tions were established.

In objective three, an explicit centered finite difference method was used to des-
critize the shallow water equations. Numerical approximations were followed with

the adoption of Courant Friedrichs Lewy Condition for convergence. The use of
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numerical approximations were carried out to enable appropriate simulations of
the wave propagation in the Budalang’i flood plain using the Flood plain basin
data. Simulations were carried out with the aide of Python program version 3.8.
For effective simulations, varying depths were considered. Since the study accom-
modates both analytical part in objective one and two and numerical simulations
in objective three, the methods were considered both analytical and numerical in

modelling.

1.5.1 Area of Study

Budalang’i division lies on the shores of Lake Victoria, partly on the mouth of
River Yala, but largely on the mouth of river Nzoia [27]. According to [14], River
Nzoia is one of the largest rivers in western Kenya. The main stream of the river
flows from the western side of the Elgeyo Escarpment and the Cherangani Hills
from an elevation of approximately 2,286 m above mean sea level. It’s tributaries,
which flow from the high slopes of Mount Elgon, attain maximum elevation in the
river’s basin and are estimated at about 4,300 m above mean sea level. The trib-
utaries in Mount Elgon include Kuywa, Sosio, Ewaso, Rogai and Koitobos. The
catchment of river Yala has an estimated area of 3,351 km? and the River is one of
the main rivers in Kenya draining into Lake Victoria. The river is approximated
to be about 219 km long and it originates from the Nandi Escarpment water tower
traversing Kakamega and Siaya counties as it flows downstream. The study basin
has an annual average discharge of 28 m3s™! [34]. The flood magnitudes have been
estimated to be approximately an average of 2,367m3s~! to 3,881 m?®s~t. The up-
per reach is 135 m? to 257m?, with a slope of 1 to 240 which is approximated to
be a percentage of 0.42. The middle reach is 20 km to 135km with a slope of 1
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to 390, approximated to be 0.26 % and finally the lower reach is 10 km to 20 km
with a slope of 1 to 3,400 which is approximately 0.03 % . Approximately 110 km?
of the basin is usually affected by floods from Yala and Nzoia Rivers almost every
year with an approximated flood depth of 0.5m to 1m lasting 20 to 30 days [20].
The lower River Nzoia and Yala (Budalang’i) basin was chosen because of its re-
gional importance to agricultural crop production. It is also a flood prone basin
and the rivers are the major tributaries to Lake Victoria. The area of the basin
is approximated to 3,351 km? with an average discharge approximately 28 m?s~1.
During floods there is overtopping despite the building of the dykes as structural
measures to curb flooding, leading to destruction of crops. Overtopping occurs as

a result of sediment accumulation in the flood plain causing overbank flow and

therefore resulting to floods [4].

1.5.2 Mathematical Model

The study formulated a 2D Shallow water model from the well known 3D Navier
Stokes equations. The 2D shallow water model represents mass and momentum
conservation, and is obtained by depth averaging the Navier Stokes equations [33].
The procedure eliminates from the beginning the free surface location problems
which is now simply placed as the depth above the bottom surface. The momentum
due to viscosity, turbulence and wind effects were neglected but coriolis terms
were included in the model. Therefore the model can be written in differential
conservation law form as a single vector equation. The main assumption of the
shallow water model is that the horizontal length scale is much greater than the

depth scale [8]. Thus, one can get rid of the vertical dimension by averaging the
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mass and momentum conservation equations over the depth. The model can thus

be written as,
ou  OF(U) n 0G(U)

W—F ox dy =5)

in which U is a variable vector and is a function of flood directions and time, that
is x,y,t. I is the convective flux vector and G is the diffusive flux vector in the x
and y directions respectively. S represents the source terms and the sink along the
two momentum equations and the continuity equation respectively. The system
describes the flow at time ¢ where the height of the fluid at (z,y,t) are greater than
0, and finally, h denotes the water depth. Therefore the shallow water equation

can also be written as in conservation form as

oh  Ohu Ohv

E + 8_[E —+ a—y =0 (13)
Ohu  O(hu? + %gh2) Ohuv ob
Ohv  Ohuv  O(hv? + %gh2) ob
B 5 = —gh3. (1.5)

where u and v are the horizontal and vertical velocities respectively, and b repre-
sents the change in bed slope source term in the x or y directions. In the system,
the 2D model allowed setting up of different conditions. For the initial conditions,
initially dry and flood levels were taken to consideration. The initial boundary
conditions were associated to the horizontal and vertical velocities where initially
w(z,y,0) = f(x,y), v(z,y,0) = f(z,y) (z,y) € Qandt = 0. For the bound-
ary conditions, free flow, wall and specified velocities were considered. Therefore
Ulz,y,t) = g(z,y,t), (x,y) € Q and t > 0 were treated as the boundary condi-

tions. Even though the model is of the average type, a thin vertical elevation was

10
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considered because h > 0, implying that the vertical to horizontal distance of the
domain of wave travel is less than 1.

The following fundamental theorems were used in the study:

Theorem 1.5.1 (Leibnitz Rule)
Let f(z,y) be a function where f(z,y) and its partial derivative f,(x,y) are con-
tinuous in y and x in some region of the (x — y) plane including a(x) <y < b(x),
ro < x < x1. In addition, suppose the functions a(x) and b(x) are both continuous
and both have continuous derivatives for xq < x < xy. Then for an integral of the
form
b(z)

» fz,y)dy,
where —oo < a(z),b(x) < 0o, the derivative of this integral is expressed as,
o b(z) d d bz) 9
g [ B f<x,y>dy] = F0 b))~ o)+ |
where the partial derivative indicates that only the variation of f(x,y) with z is

considered in taking the derivative inside the integral.

Theorem 1.5.2 (Jacobian Transformation)
Let x = g(u,v) and y = h(u,v) indicate a transformation on the plane that is
one to one from region S to region R. If h and g have continuous partial derivatives

then the Jacobian of this transformation is,

O(z,y) % % _ O0xdy 0z 0y

O(u,v) |oz oyl Oudv Ovou
ov  Ov

Therefore the Jacobian is simply the derivative of a coordinate transformation.

11
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1.6 Significance of the Study

The solution of the flood wave Shallow water equations will be significant to me-
teorological stake-holders in flood mitigation. The results of this study can inform
appropriate measures to reduce flood havoc in the study area. The findings may
also aide flood disaster management stakeholders in determining risk in flood-prone
areas to support decisions for risk management. Finally, the results will add more

knowledge to the body of literature among scholars.

12



Chapter 2

Literature Review

Currently, there is rapid climate change due to ever increasing industrial activities,
increase in population and clearance of indigenous forests in search for settlement
worldwide [12]. This has increased the risks of droughts and floods, with the later
affecting developing countries adversely [1]. Floods are a temporary inundation of
water from the rivers, streams, lakes, oceans or flash floods onto lands not normally
covered by water, and therefore have attracted scholarly studies in modeling [13].
This is also because extreme floods are characterised by unpredictable whether
conditions, thus leading to shortfalls in the flood prediction systems in place [14].
In Kenya, historical flood occurrences has led to a comprehensive set up of flood
mitigation strategies which have incurred the country a lot of finances [27]. For in-
stance, in the year 2017, there were heavy downpours with inadequate preparedness
in spite of the warning from the Kenya meteorological departments leading to the
displacement of an estimated 800,000 people and death of approximately 300 peo-
ple countrywide. Reports revealed that in Western Kenya, Busia and Siaya coun-
ties received most of the humanitarian needs due to prolonged rainfall with an esti-
mated 35,000 people being affected as a result of displacement, [11]. Other counties

that were affected were West Pokot, Garissa, Isiolo, Kisumu, Mandera, Marsabit,

13
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Narok, Samburu, Taita-Taveta, Tana River, Turkana and Wajir [37]. In Western
Kenya, floods have been occurring mainly in Budalang’i area in Busia County
[16]. The major floods include the 1937, 1947, 1951, 1957, 1958, 1961, 1978, 1977
to 1978, El Nino, 2002, 2003, 2007 and 2009. During the 1997 to 1998 El nino,
rainfall was 300 % of the normal with 12,000 people being displaced. The dykes
were extensively damaged due to overtopping and breaching [34].

The Ministry of Water and Irrigation, through Kenya Meteorological departments
came up with integrated flood management system [26]. The functional being the
early flood warning system, which is a core component of flood mitigation that
consists of real time monitoring, forecasting and dissemination of the warnings
[30]. Other measures of flood mitigation in the area have included management
of the catchment area, multipurpose dams, buildup of community based disas-
ter management and making good use of flood waters [35] and [22]. Structural
measures such as setting up of dykes to curb floods in the area have achieved a
milestone success, leading to reduction in the displacement of people and extreme
havoc previously caused by floods. However, the 2017 floods caused destruction of
crops in the region, which are the main source of livelihood in the area [28]. Such
a phenomenon was not expected, and implies that there is still much that needs
to be done on flood propagation. Perhaps, a different approach can be applied in
the flood mitigation. This gave a motivation to model the flood propagation using
the shallow water equations.

Various studies have been carried out on the development of 2D shallow water
equation among previous scholars. For instance, March[33] studied the derivation
of a new two dimensional viscous shallow water model in rotating framework using
asymptotic analysis while considering irregular topography, linear and quadratic

bottom friction terms and capillary effects. This study formulated a new form

14
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of the 2D equation with viscous effects, consistent with a previously formulated
one dimensional equation by [18]. The results demonstrated that addition of a
quadratic drag term with modified water depth dependent coefficients was co-
herent with the usual friction Manning-Chezy formulation used in oceanographic
simulations.

Ferrari in [19] introduced appropriate scalings into a 3D anisotropic eddy viscosity
model after averaging on the vertical direction and considering some asymptotic
assumptions, and obtained a two-dimensional model. The study incorporated the
motion of an incompressible fluid confined to a shallow basin with a slightly vary-
ing bottom topography. Coriolis force, surface wind and pressure stresses, together
with bottom and lateral friction stresses were also taken into account. The derived
model was found to be symmetrizable through a suitable change of variables. Nu-
merical tests were also approximated with the aim to validate the proposed model.
Studies were carried out by [17] on the application of the depth averaged shallow
water equations to several free surface flows in which the treatment of geometry
introduced on the source terms and turbulence modelling were of interest. The
convective flux was discretised with an hybrid scheme of upwind Godunovs schemes
based on Roes average. The study established that fishway flows occurred which
were highly turbulent and it had strong recirculation eddies which made it per-
fect model for turbulence tests but not an appropriate solution for shallow water
model. Studies by [23] revealed modelling of shallow water equations using a high
resolution 2D dam-break model with parallelization. Other techniques that have
been used to solve the SWEs have highly adopted the upwind schemes. Among
these techniques are the Volume of Fluid [30], Maker in cell [43], Finite Volume
[31], high resolution Godunov-type scheme with finite volume [3] and volume of

fluid methods [24] which did not give accurate results on the flood wave equation

15
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and were limited to theoretical tests. A numerical model for the solution of the
two-dimensional dam break problem developed in [45] was also based on second
order approximate Riemann solver with a van Leer type limiter to solve the shallow
water wave equation on a Cartesian grid. More recently, a study on the solution of
shallow water equations was carried out by [2] on flood propagation with assumed
grid. However, the current problem involves the structural measures such as dykes,
which hold the water during flooding although the area encounters overtopping.
This study sought to address the problem in Budalang’i flood plain.

Different studies that are related to modeling the flood phenomena in the study
area include [26], who carried out the rainfall runoff modeling in Yala River Basin
of Western Kenya. The study adopted the Geological stream flow and Muskingum
Cunge models to model the hydrologic process of the River Yala network. The
objective of this study was to come up with an early flood warning system to avoid
the flood risk exposed to the downstream inhabitants. The findings indicated that
the adopted tools were useful for issuing early flood warning message defined by
peak stream flow and flood wave travel time. The study however concentrated
on the stream flow routing whereas the most affected region are the downstream
inhabitants, who mainly benefit from the flood basin. In addition, little was done
on the flood wave dispersion thus without the knowledge of the frequency and
wavelength, little can be known on the intensity of the hazard likely to happen in
the event of a flood occurrence.

Flow Regime from International Experimental and Network Data (FRIEND) by
[7] presented an appraisal study on suitable models that could be used in fore-
casting flows in the rivers of the Nile basin. In this appraisal study, systems
and conceptual modeling techniques were applied to lake Victoria, Awash and the

Blue Nile catchments. The models were applied in non-parametric and parametric
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forms. Parameter optimization was carried out by ordinary least squares, Rosen-
brock, Simplex and genetic algorithm. The rainfall which was the main input to
these models was estimated using arithmetic mean. The findings revealed that
in catchments which exhibit marked seasonal behaviour good results can be ob-
tained with Linear Perturbation Model (LPM) which involved the assumption of
linearity between the departures from seasonal expectations in input and output
series. The application of the GFFS (collection of systems and conceptual mod-
els) software proved to be possible with variable efficiencies in the Nile River basin
[20]. However, flood routing involving the wave propagation was not done under
the conceptual models used. An almost similar work was also carried out by [38]
who mainly indicated the challenges that were encountered in modeling the flow
of Nile Rivers. Further work on flood routing techniques have also been reported
in [9, 12, 25, 32, 39, 41, 42] but none of these studies have applied the 2D shallow
water routing that pursues the wave dispersion and captures the variation of the
depth and dry front effects as the wave propagates. Thus this study sought carry

out mathematical modelling of flood wave in Budalang’i flood plain.

17



Chapter 3

Model Formulation, Analysis and

Discussion

Model formulation entails depth averaging the Navier Stokes equations then apply-
ing the Leibnitz Rule. This is done with application to the Budalang’i flood plain
while using the flood flow directions in the basin. The parameters governing the
flood plain basin such as pressure, wind terms, vertical and horizontal velocities
guide the formulation. Finally, a sink term is introduced to show the adjustment
to most ideal formulated equations for the basin. Analysis of the shallow water
model for the study domain entails obtaining the eigenvalues that eventually help
determine the nature of flow. Finally, numerical simulation of the model is carried

out using finite difference scheme.
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CHAPTER 3. MODEL FORMULATION, ANALYSIS AND DISCUSSION

3.1 Formulation of 2D flood wave model for Bu-

dalang’i Flood Plain

We consider the Navier Stokes equation,

@_i_av ow —0
or Oy 2z

@ N (879333 87@ 87'%)

ox

p @—Fu@—kv@—i—w@ :Fy—@—l— Orey aTyy asz
x z dy ox

8_w+u8_w+vﬁ_w+w8_w —F—@%— asz+6Tyz+aTZZ
P S 0z Ox Oy 0z )~

The stress state is represented as a symmetric tensor 7, whose components can
be expressed in coordinate systems. The components of the velocity vector u, v, w
align with the Cartesian- Coordinate directions (z,y,z). Such fluids are called
Newtonian fluids. If we assume an incompressible fluid, the components of stress
tensors can be expressed as follows,

Tox = =D+ 2058 Ty = —p+2uF, T=—p+2uGr
A )
where p is the coefficient of dynamic viscosity and p is the pressure term. We carry
out integration of equation (3.1) using Leibnitz rule and later depth average. Since
the shallow water equations are derived by applying a vertical averaging approach
to the 3D Navier-Stokes equations shwon in system (3.1) under assumption of
small vertical scale to horizontal scale, it is necessary to include the precipitation
and infiltration terms in the resulting equation [44], as it ensures an appropriate

accounting for the additional source terms to complete the model. Thus we start
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with the continuity equation,

ou Ov Ow

oy s = (3.2)

from equation (3.1) and integrate the individual terms over the vertical scale while
taking the limits from the bottom of Budalang’i flood plain basin (bottom bound-
ary) (z = —h) to the surface water displacement of the basin (free surface elevation)

(n). For the first term, we have,

T Ou o [ d(—h) on
dy = — o ST —— 3.3
/_h axdz 5 _hudz+u l.=—n e U | e (3.3)

n n _
@dz = 2/ vdz + v |—_p o(=h) — U | g—z (3.4)

For the third term
9
iz =w o=y —W | - (3.5)

_h 82

Combining equations (3.3) — (3.5) yields

n _
8/ udz+u|z:_ha( h>—u| @—i—

% —h al' = 8{17

g/nvdz+v| 6(—h)_v| @+w| I (3.6)
ay oy z=—h ay z=n 8?/ z=n z=—h—
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which can be rearranged as shown in the equation (3.7)

n n
% udz + (% vdz+
—h —h
o(—h O(—h
U‘Z:h/—%égrl U‘zth _§§§_2'_7U‘z:h — (3.7)
an on
2= 7= — U |2=n 7 2=n = 0.
u ’ n ax v ’ n ay +w| n

During flooding, the free surface becomes complex for the Budalang’i flood plain
as observed by [1] and so the boundary becomes a moving boundary. This implies
there is no relative normal flow and so by the condition of free surface, we have
the change in free surface over time. Therefore velocity at free surface and bottom

surface may be expressed as

D 0
=Sl

Dt = o (3:8)

Wy =

on . On
% + 'U’Z:na—y.

Now, in Budalang’i flood plain, the bottom is a material surface of the fluid

and therefore not crossed by the flow and is stationary or impermeable, there-

fore this gives rise to another condition. We have w|,—_;, = %h:—h = a(a_th) +
ﬂ|Z:_ha(a_mh) +7|z = —ha(a_yh). Rewriting the above and considering that a(;;y) =0,
we have

il TN o=, (39)

from the second part of equation (3.7). Combining the first part of (3.7) and the
left hand side (change in water surface elevation term) in equation (3.8), we end up

with equation (3.10). First, we have [a% + ﬁg—z - w] = % which is equation 3.8

and ﬂa(&h) + ﬁa(a_y h) _ w] = (. Substituting these expressions into continuity
z=—h
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equation, we have,

o 9 [7_ a [
E—l—%/_hudz—l—&—y/_hvdZ—O. (3.10)

Another geographical characteristic of Budalang’i flood plain is that the horizontal
scale, 10,000 km is much larger than the vertical scale approximately 1.5 m during
floods [26]. This implies that in the flood plain, the vertical momentum exchange
is negligible as compared to the horizontal momentum exchange and so the vertical
velocity component is much smaller than the horizontal velocity component. Thus
the acceleration of movement of the flood waters in the vertical direction is negli-
gible except acceleration due to gravity. Therefore, the pressure distribution over
the vertical direction is hydrostatic and can be expressed as shown in the following
equation, which is referred to as the hydrostatic pressure balance equation.

dp
9, = P9 (3.11)

Finally, we carry out depth averaging of equation (3.10) and employ the assump-
tion of hydrostatic pressure as given by (3.11). In order to depth average, we
consider the free surface of the water in the flood plain which is simply at z = n
and the bottom which is the water sediment interface at z = —h and define two
variables % and v. Let 4 and © be the vertically averaged velocity vectors in
the vertical of the horizontal components. Let also H be the total depth of the
water, such that H = h +n. Then the averages on the vertical of the horizontal

flood domain of the velocity vector can be expressed as equations (3.12) and (3.13)
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below,

1 [
u= T /_h udz (3.12)

1 [
= E/—h vdz. (3.13)

These variables affirms the assumption that water flow in the vertical direction

<l

in the flood plain is small. Substituting the two variables, (3.12) and (3.13), in

equation (3.10) yields depth averaged continuity equation (3.14)

an N J(Hu)
ot ox dy

—-0 (3.14)

which is the depth averaged form of the continuity equation.

We now formulate the depth averaged momentum equation for the shallow water
system. First, we show that due to hydrostatic approach and constant density
of the flood waters in the flood plain, pressure depends on 7 and the vertical
coordinate while the horizontal pressure gradient depends on the free surface only.
We only consider the right hand side term % of the third momentum equation of
system (3.1), which is simply the momentum equation in the z direction. This is
partly because all the terms in the z direction of system (3.1) are small compared
to the gravity and pressure terms and thus the equation reduces to equation (3.11).

Integrating equation (3.11) from free surface at z = 7 to some level z on the right

p(x7y7z) z
/ dp = — / pgdz,
ps(2,y) n

where p, is the pressure at the free surface, which simplifies to

hand side, we have,

p—ps=—pyg(z—n).
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One of the assumptions made during flooding in the flood plain is that density is
constant and so the pressure depends on the free surface and vertical coordinate.

We thus have,

P —Ds = pgn — pgz = p = ps + pgn — pgz.

After dividing the above expression through by —p and obtaining the partial

derivatives with respect to z we have the x-direction Reynolds equation below

“Lop _ —1op, Oy 02
g@x g@x’

— 5= s (3.15)

where py is the pressure at the free surface. Therefore assuming that the surface

pressure does not vary spartially, we have

—lop_ _ on
p Or T oz

in which s, is the bottom slope given by %. Also, the horizontal pressure gradient

in the flood plain depends on the free surface only

“lop __ on 4 =Lop_ _ On
p Or T p Oy gay'

Assuming that the surface pressure does not vary then we have garvitation term
as — gg—z Adding the derived pressure gradients and dividing momentum equations

in system (3.1) by p, the two momentum equations in the = and y directions can
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thus be rewritten as follows,

0w, Ou Ou ou L On 107 10m, | 10
ot ox dy oz p ° e pOor pdy p 0z (3.16)
ov ov ov ov 1 on 107, 1071, 1071, '

— tu—+v—Ffw—=—-ry— + - + -

ot or Oy 0z p gﬁ_y p Oz pdy p oz

Consider the left hand side of the z -momentum equation (3.16). In order to
change the terms in the left hand side of the momentum equations (3.16) from
non-conservative to conservative form, we add « times the continuity equation to

equation (3.16) and obtain the following terms

0 a0 598 0% g0 0 00 L O 10Tes  10Tey | 107
ot Ox Oy oz O0xr Oy 0z p " & p Or p oy p 0z

which on simplification yields equation (3.17) below.

ou  Ou? 8(uv)+8(uw)

Ou 0. 1
ot " or oy T ar (3.17)

Next, vertically averaging these equations and integrating each term with respect

to z and apply the Leibnitz Rule

Tou ., 0 (" d(—h) on
B Edz =% /h udz + ul,—_p T u|3:n§
n 2 n —
_p Ox ox J_, Ox Ox (3.18)
/77 8(uv)dz _9 /n uvdz + uv| o=h) _ uv| On |
Oy 9y ), T oy oy
T O(uw)
/_h Wdz = UW| =y — VW|,=_p,

25



CHAPTER 3. MODEL FORMULATION, ANALYSIS AND DISCUSSION

Combining the four equations on the left hand side of equation 3.18, and the right

hand side we have the equations in system (3.19)

ot T T oy T o

_8 n g (", g ["
_é)t/_hudz+8x/_hu dz—l—ay/_huvdz

on on on
_U|Z:77 |:E + u|Z:"7£ + U‘Z:na—y — U}|Z_77:| +
o(—h
Ub_h[ (=h)

d(=h) O(=h)
g U=y = Ay W=t -

/n {au o | Buv) a(uw)]

(3.19)

By using conditions in equations (3.8),(3.9),(3.12), and (3.13) we have, from
system (3.19),

o Tox oy =
d(=h)

since there is no change in bottom surface, and finally

d(—h d(—h d(—h
Ulz:—h (at ) +U‘z:—h (@I ) +U|z:—h (ay )

- w|z=—h - 07

indicating the solid bottom such that the bottom is a material surface of the fluid
not crossed by the flow and is stationary, implying that there is no normal flow

thus zero result. Therefore the x momentum equation is simplified to,

a [" o (", o [" OHu
g _hudz+%/_hudz+a—y/_huvdz— 5 +

O(Hu?) N 8([—[1[1)).

21
ox Jy (321)

Budalang’i flood plain lies near the equatorial line and therefore the consideration
of the possible significance of the coriolis term is important. The coriolis parameter

represents the force exerted to a body in rotating frame and is more significant
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near the equatorial regions [13]. We thus introduce the coriolis term fv whereby
f= 2pvsinb is the coriolis parameter, w is the angular velocity of the earth, 6 is
the latitude. Taking note of this, we now integrate each term of the right hand side
of the z-momentum equation of system (3.16) with respect to z after rearranging

and also rewrite the vector of volume forces as

2pwv sin 6
? = | —2pwvsinf
—Pg

for volume forces F, = 2pwrsing, I, = —2pwvsind, andF, = —pg, if only the

Coriolis and gravitational forces are accounted for as follows in system (3.22).

T On B o " on d(—h)
_/hg%dZ— g {% /hﬁdz 7]|z:n%+7]|z:—h O )

/n lﬁTm N laTmy N 137290 g
pOor pdy p 0z

—h
19 [ 10 (7 1 on on }
= T 5 Txxdz+__ Tde— - [Txx_—{—Tx_ — Tz + 3.22
pox J_y py Jop’ pl o oy s (3.22)
1 d(—h) d(—h)
P {me + Tyma—y — T )

1 1 /"
/ —F,dz = —/ (2pwrsinf)dz = fHv.
~h P PJ-h

Since we have no slip conditions at the bottom surface in the flood plain, then
u=v =w = 0. Also, applying the boundary condition by performing stress
balance at the Budalang’i flood plain surface, the equations of the wind stress and

bottom stress are expressed as,

— Ton = -7 (3.23)
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where %‘9 is applied surface stress. Similarly, the equation of bottom stress are

expressed as,

d(=h) d(=h)

— | Tz +'Tx
ox Y Oy

— T =7l (3.24)

z=—h

Finally, the z-momentum equation from equations (3.16) can be expressed as fol-

lows,

ou ou ou ou
5 tu—F v —Fw— =

ot Ox dy 0z

a [7 on d(—h)
— Y d =1 "a Zz2=— .
ga$/hn z+ gn i 9N z=—n o T (3.25)
1 = 1 = b s
_Ham _H(%yx T + fH®.

p Oz p Oy p p

Expanding gravity related terms we have

o [" 1 o(nH
—g—/ ndz = —gn/ dz = —g—(n ),
8$ —h h (91’

and applying chain rule for the first three terms of the right hand side of equation
(3.24) as follows,

o(nH 0 d(—h
0H) | g1 gy 20 _

9
oH) _ yom) , on O=h)

ox gH ox +gn8:c gn ox
I(H) ) ~ dn  0(h)

g ox - ox +77(91:+77 ox
on

g
oz’
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the right hand side of the x momentum equation of system (3.16) becomes

a 1 87$x 1 af . b S
—gH n +ZH T +-H Tyr Tz + Tz + fH. (3.26)
dv ~ p Ox p Oy p p

Performing a similar operation for the y-direction and including the sink term
s1 which is gain or loss through inflow, outflow, evaporation and infiltration to

the equations, the overall form of the depth averaged equation can be written as

follows,
on O0(Hu) O(Hv)
el — 2
o + o7 + oy S1 (3.27)
OHu O(Hu?) OHuv _ on 1075, 1071, 1 1
—fHo = —gH L+ H- 224 - = _ —7b4 ~ 7% (32
5 + o + By fHv g 8x+ O +p By pTZ—l-pTx (3.28)

OHv O(Huv) OHv? _ on 107, 10, 1, 1
Hu=—gH—+H- —— == -7, (3.29
BT + o + By +fHu g 8y+ ooy ooy pTy‘l—pTy (3.29)

For simplicity purposes, we divide through by H and ignore the surface shear
stress, bottom shear stress and the stress tensor components in the momentum
equations since they are negligible in the study domain as they can be applicable
over domains that are over 100,000 km? while our study is only 3,351 km? [19].
For the continuity equation, we let H = n 4 h. Also, considering the mean flow
velocities and putting wu,v instead of u,v the resulting system of shallow water

equations can therefore be written as

on N ou(n + h) N ov(n+h)

ot Oz gy ! (3:30)
ou ou?  O(uv) on
BN + O oy — fuo= —g% (3.31)
ov  O(uv) = Ow? _ on
a + aZB + a—y + fu = ga—y (332)
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3.2 Analysis of Shallow water equations for Bu-

dalang’i Flood Plain

Rewriting the two momentum equations (3.30) to (3.32) in primitive form for

simplicity purpose, we have,

an 0 0 B

o5t %[(n + h)u] + a_y[(” + h)v] = s, (3.33)
8u ou ou 877
81} 81} v 677

From these shallow water equations, analysis entailed establishing the nature of
flow and the stability condition based on the Froude number. Budalang’i flood
plain is known to have rapid flows leading to destruction of properties around the
adjacent domain of floods. Classifying the flow attenuation or amplification was
of paramount importance. The equations are therefore transformed for analysis.
From the above equations, two matrices can be formed. We apply the Jacobian
Transformation as follows,

Let (3.33) be f1, (3.33) be f2 and (3.34) be fs.

We obtain the partial derivative of free surface elevation (7)), vertically averaged
velocity u and horizontally averaged velocity v for each of the three functions with

respect to x and y starting with the x term as follows,

6f7 auav

0% e Bl |uw nth 0
fla)=loge S Be=lg v 0

z z x

9% O sl g gy

ox ox ox
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We repeat the same process for the y term and end up with two matrices, that is,
matrix A and B corresponding to the vectors of conserved variables in the z and

y directions respectively as follows,

u n+h 0 v 0 n+h
A=f(z)=| g u 0 and B=g'(z)=| 0 v 0 |. (3.36)
0 0 wu g 0 v

and let I be the identity matrix

1 0 0
I=10 1 0 (3.37)
0 0 1

According to [40], computation of stability for flow parameters may entail assessing
the Froude number. The approach used was computing the eigenvalues that aided
in the calculation of the Froude number. Studies by [40] also indicates that the
nature of wave propagation depends on the Froude number. Now, starting with the
x-direction, we find the eigenvalues of matrix A using the characteristic equation
| A— Al |=0, that is,
u—A n+h 0O
g u—X 0 [=0, (3.38)
0 0 u—AX

and obtain the following characteristic equation

(u =) [(uw = N)(w =N =+ h)[g(u—-A)] =0, (3-39)
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whose solution is

Al =u
Ay =u++/g(n+h)

A; =u—+/g(n+h).
Repeating the same analysis for the y direction, we obtain the following eigenvalues

)\1:1)
Ao =v++/g(n+h)

A3 =v—+/g(n+h).

Since these eigenvalues are real and distinct, the shallow water equations are hy-
perbolic partial differential equations [36]. Therefore the equations admit discon-
tinuous weak solutions [36], which could be a ’sink’ and gives an approximate of a
breaking wave in the flood plain. However, such a wave may be extremely small
and negligible. The eigenvalues take the form of a convective velocity minus/plus
a phase velocity. Dividing convective by phase yields a Froude number, for each x-
and y-direction [6], which is practical for the flood plain. The Froude number may
be thought of as a relation of inertia to gravitational forces: the top term being
related to kinetic energy, the bottom to potential energy. Flows with Froude num-
bers less than one are said to be subcritical, and flows with Froude number greater
than one are said to be supercritical. During floods, the convective velocity implies
the surface waves which is usually more faster than the phase velocity which is
slower since initially the flood plain was dry and consequent rains and inflow leads
to increase in water depth before rapid generation of surface waves. Dividing the

convective velocity by phase velocity yields a Froude number for each of the two
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directions which are

u

S 3.40

= (3.40)
2

v 2

indicating a relation of inertia to gravitational forces. As result of more rapid
surface waves during consistent rains, the resulting phenomena leads to super-
critical flows. The initial subcritical flows fades with time and eventually we have
rapid supercritical flows in this case. More specifically, in Budalangi plain, the
average discharge has been measured to have an average of 30m?®s™! [26] which
corresponds to the potential discharge of the water flow in the basin. However,
with continued rains, the surface discharge has been estimated to be 3 times more

than the potential discharge [27]. Thus we have

90m3s!

implying that F'r2 > 1, which is a large Froude number implying that there are
rapid supercritical flows leading to adverse effects of unstable flood waves. How-
ever, the horizontal velocities do not vary with depth and thus the non linear terms
are eliminated. This is accomplished through linearization of the two momentum
equations for a more appropriate solution. It is also impossible to obtain complete
analytic solutions from such analysis, therefore according to [22], thus the best
numerical simulation can be obtained by linearizing the two momentum equations
while the continuity equation solved in non linear form. To carry out linearization,
we let u= (414, v=~&+4+v and n = p+1 in which the capital letters indicates the

averages and the primes indicate the perturbations. We substitute these variables
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in equation (3.43) to (3.46) as follows,

agaj 14 D o+t m)(C+a)+ a%[(n +h)(E+0)] =5 (343)

i
Bt Bad B (0 + 1
(C(;tr ) o (Cal- i) . (Ca—; ) _f(5+6)+gM =0 (3.44)

ox
I +7) NOE+7) I +0) do+n)
ot +(C+ 1) ox v dy dy

+ fu+g =0. (3.45)

Furthermore we let V' = U = 0 and drop the prime terms for assumption of lin-
earization. Finally, we end up with linearized shallow water equation appropriate

for numerical simulation as follows.

an N ou(n + h) N ov(n+h)

ot Oz oy ! (3.46)
ou . On
ov an

Equations (3.46) to (3.48) were therefore approximated numerically using finite

difference under numerical simulation.
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3.3 Simulations of 2D Shallow water model for

Budalang’i flood plain

System (3.30) to (3.32) is solved numerically using finite difference scheme.There
are many techniques for numerical approximations, however, Finite differences are
by far the easiest numerical method to understand and implement when tackling
differential equations, particularly 2D Shallow water equations, for problems that
satisfy its structured discretization assumptions, and can be found to be useful in
any domain when estimation of derivatives is needed[5]. Unlike other numerical
methods, it is more flexible when approximating dynamic fluid such as flood flows.
For stability, Courant Friedrichs Lewy Condition C'F'L was used. According to
[13], the Courant number for 2D shallow water equations can be defined from

CFL as follows,

1 1\2
O:At<\/gH+me> (A_xz+A_;/2> :

where C' refers to the Courant number. Therefore using the stability condition
CFL < 1 from the Courant number defined above, an optimal stability criteria

according to [29] is obtained as follows for optimal time step,

AxAy

At < )
(V9Hmaz)/ (Az? + Ay?)

Where At is the time increment, Ax and Ay are the grid spacing in the z and y

(3.49)

directions respectively and g is the acceleration due to the gravity. /gH is the
magnitude of velocity. Acceleration due to gravity is measured at 9.81 ms~2. The
velocity components of the boundary were set to zero. In addition, f, which is the

Coriolis force, is approximated to 0.00005 along the equatorial regions, [4]. The
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shallow water equations were discretized using explicit centered finite difference
in space starting with the continuity equation following [5]. Therefore the deriva-
tives of partial differential equations were approximated by linear combination of

function values at grid points in the domain Q@ = (0,X) at u; ~ wu(z;) where

i=1,2,3,.....,N. z; =1 /A x with meshsize as Ax = % The first order derivative
is given as,
ou , , w(Z + Ax) —u(x , u(z) —u(r — Ax
%(x) = lim,_s0 ( A:Z (z) = limg,_so (z) A(:c )
. u(z + Az) — u(z — Ax)
= limao 2Ax

from which we use the Taylor series expansion,

220:0(9:—3:,-) (0 u) wcQ

n! oz

then we have the first approximation of forward difference as

ou Az)? [ 0%*u Az)® (Pu
T1:Ui+1:Ui+Ax(%)i+( 2) (@)4_( 6) <%>+

ou (Ax)? [0%*u (Ax) [ DPu
Bo=ma == ArlEo)t (a_ 6 \as) "

Subtracting 77 — T3 and ignoring the higher order terms which form the error, we

get the first order centered finite difference approximation of vertical velocity with

respect to x partial derivative as follows,

@ _ Ujpr — Ui
Ox Z._ 2Ax
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For the shallow water equations, a partial derivative at point x;, that is % can

thus be expressed as,
5%’ o Wit1 — Ui—1

or 2Ax

The initial conditions are a disturbance from water inflow causing a gaussian bump

indicated by flow of water into the basin as shown in Figure 3.1 front right corner,

with velocity greater than 0.
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Figure 3.1: Initial wave
Figure 3.1 shows the gravity wave in flow direction from the disturbance of the

water in the basin. The Figure shows the horizontal velocity evolving and finally,
there is decay of the wave away from the initial inception causing dispersion in
different directions. The evolution depends on time and this is further illustrated
in the same Figure 3.1. Initially, the water was assumed to be at rest and while the
boundaries were set to wall boundaries. Suddenly after a short time, water started
to move in all directions. As time increases the circular shock waves propagated

outwards, whereas the circular rarefaction wave traveled inwards showing that this
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wave almost reaches the center of the domain. This phenomenon continued until
the rarefaction wave has fully plunged into the center of the domain and this wave

was suddenly reflected creating a sharp gradient of water surface elevation.

38



CHAPTER 3. MODEL FORMULATION, ANALYSIS AND DISCUSSION

As the heavy down pour continues, there is increased generation of waves due to
water increase. Wave propagation becomes unstable and therefore the frequency
increases. Increased frequency and amplitude is also contributed by increased
bottom friction due to dispersion of the waves across the banks, as well as sedi-

mentation that perviously occurred.
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Figure 3.2: Turbulence
There is also an indication of turbulence of the waves showing that at the peak of

the inflow, there is likelihood of breaking of waves with shocks and increased turbu-
lence. This happens with evolution of time during the heavy rains, implying that
the flood phenomena in Budalang’i area is mainly dependent on the high frequency
waves that results to turbulence. These results could be similar to experimental

results obtained by other studies [40].

39



CHAPTER 3. MODEL FORMULATION, ANALYSIS AND DISCUSSION

The presence of dykes shows initial resistance to water increase. However, due

to earlier perceived sedimentation, flood waters overflows the dykes which causes

overbank burst and therefore renders the dykes of little use [26].
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Figure 3.3: Overbank Flow
This scenario indicates that the presence of dykes is of importance though not

permanent. The two blocks shown in Figure 3.3 indicates that water overflows the
dykes leading to eventual coverage. Waves therefore keep dispersing away from the
initial point resulting to floods in the surrounding area. This is a typical scenario
in Budalang’i flood plain where dykes have been previously erected with some little

help [28]. As a result of long rains, dykes are submerged by the increasing amount

of water leading to overbank flow.
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As a result of increased turbulence with greater energy of the shallow water
waves, dykes were submerged leading to overbank flow. Therefore a sink was
introduced. Sink in this case indicates the amount of water that either infiltrates
underground or bore holes within the basin of the study. Similarly, the quantity

eliminated that compares to the amount of sedimentation represented the sinks.
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Figure 3.4: Final Water Level due to

Sink
Figure 3.4 indicates that after introduction of the sink term, there is reduced level

of water the basin of the study. The reduced gravity waves loses most of the energy
due to removed sedimentation leading to reduction of the water level. With time
evolution, there is further indication of convergence to steady state of the waves.
However, as shown, there is reduced amount of water. This shows that a sink is
very important to the control of the floods and with accurate approximation, it

could reduce the flooding effect in the area of the study.
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As a result of the introduced sink term, the water level reduces and therefore
the wave velocity declines back to almost zero velocity. This is shown in Figure

3.5 that follows. The flow direction remains as shown by the arrows.
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Figure 3.5: Steady State Velocity
Given more time the circular shock wave propagated further outwards from the

domain center as shown in Figure 3.5. The primary circular waves are seen to
propagate outwards although with high decay of damping factor and interestingly,
the secondary circular shock wave that had recently been created traveled towards
that center. As time increases, it is shown that the primary circular wave almost
reached the domain boundary and at this time a very small gradient of water sur-
face elevation had been created near that boundary. On the other hand, reflection
of the secondary waves increases leading to a steady state situation of velocity.

There is reduced primary as well as secondary waves due to reduced energy.
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The second system of shallow water equations to be solved entailed the lin-
earized shallow water equations. This was carried out in order to compare the
two types of solutions. After linearization, the resulting equations are described
in objective two. This equations takes into consideration the effect of coriolis term
as well as the rotation of the earth.

The height field is set with an initial condition of disturbance caused by water
inflow into the basin resulting to generation of waves. As the equations evolve, the
velocities, u and v are induced and gravity waves starts radiating outwards from
the initial disturbance. Figure 3.6 shows gravity waves radiating away from the

initial disturbance.
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Figure 3.6: Coriolis term
Figure 3.6 indicates some initial disturbance, usually caused by the incoming water
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waves by the basin tributaries. The generated gravity waves starts propagating
away from the initial point. The inclusion of coriolis term usually important for
assessing the effect of geostrophic implication, makes a significant effect on the
turbulence. The results indicates that reflection of the waves is minimal. This is
shown in Figure 3.7, whereby there is no reflection and the gravity wave is com-
pletely unstable. Flood waves therefore goes over bank and finally, there is little
to contain the waves back into the basin, which causes havoc to the surrounding

area.
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The second snapshot of the shalllow water simulations indicates the results
obtained after lengthy time evolution. A keen observation was made as captured in
Figure 3.7. The wave disturbances shows results almost similar to common waves
that could be classified as Coastal Kelvin as well as Rossby Waves that occurs in
lakes or oceans[36]. The solution shows that the generated waves dissipates away
from the disturbance with more energy. Since the boundary is assumed to be
zero, such that y = 0 due to presence of dykes, the generated waves further decay

exponentially away from the source.
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Figure 3.7: Wave Decay
As indicated in the previous Figure 3.6, this Figure 3.7 shows that as time evolves,

the wave is tending to decay with different behaviours. To their opposite directions,
the wave keeps decaying with indication of reflective behavour. However, as the
number of days increases, it is clear that there is weak reflection. The motivating
factor for the increase in the reflection is the addition of the sink term to the
behavior of the model. This is what could have led to decrease in energy or
increased reflections and therefore reduce the damage caused to the environment.

This is the reason for the current study. Some of the proposed ways of introducing
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sink is through consistent maintenance of the flood plain by continued emptying of
the sediments such as sand or soil. These are activities that can employ economical
ways, such as using the sand or the soil for other purposes. Alternatively, a dam

may have a proper solution to this problem.
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Chapter 4

Summary, Conclusions and

Recommendations

4.1 Summary

The study sought to formulate a 2D flood wave model for Budalang’i flood plain,
analyse the model and simulate the results with application to the Budalang’i flood
plain domain. The development revealed that averaging of the 3D Navier Stokes
equation yield an appropriate model for Budalang’i flood plain without many as-
sumptions. From the analysis, it was found that the most likely waves occurring
in the area were gravity waves. In addition, since the kinetic velocity (surface
velocity) was greater than the potential velocity (phase speed) leading to a large
Froude number, the flow was classified to be supercritical. This flow was therefore
mainly due to gravitational force with strong influence of friction and Coriolis force
as a result of closeness to the equatorial region. The findings further shows that
there was formation of weakly reflecting waves. It can thus be concluded from
the findings that adoption of measures such as digging of boreholes to improve

the reflection back to the center of the waves would improve the reduction of the
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energy within the flood plain.

4.2 Conclusions

The findings indicated that 3D Navier Stockes equation under assumption of aver-
aging velocity fields and nearness to the equatorial region for the Budalang’i flood
plain easily resulted to an appropriate 2D Shallow water model for Budalang’i
flood plain. Addition of the sink term was appropriate for capturing the water
variations due to infiltration, evaporation or boreholes through direct inclusion.
In the analysis, it was concluded that Budalng’i flood plain experiences supercrit-
ical flows resulting from heavy rainfall during flooding. These are flows that lead
to higher velocity of the propagating waves thus causing havoc in the surrounding
regions. Finally, after successful simulations, the study concludes that the super-
critical flows are responsible for turbulent flows and overbank flows but are easily

controlled by addition of sink term such as a borehole.

4.3 Recommendations

From the findings, the study recommends a comprehensive formulation of a sink
term to clearly capture flood attenuation in the 2D shallow water equations. In
addition, further improvement should be made on the analysis of the 2D shallow
water equations in order to enable explore a variety of physical areas including
violent flows, rotating flows and other types of flows that could practically occur

in any domain of flow. The study further recommends for improvement of the
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current model to enable simulation of the complex topographies in other flood
plain areas, which can increase reflection within the flood plains and reduce the

energy due to the waves as well as the havoc caused in the surrounding region.
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Appendix A

Shallow Water Code

import time

import numpy as np

import matplotlib.pyplot as plt

import viz-tools

prameters - — — — — — — — — — — — — — —

L, =1F +4 Length of domain z-direction in meters

L,=1E+4 Length of domain y-direction in meters

g=19.81 Acceleration of gravity [m/s?]

H =15 Maximum depth of fluid [m]

fo=1FE —5 Fixed part of coriolis parameter [1/s]

f=2FE —11 gradient of coriolis parameter [1/ms]

use — coriolis = True  True if you want coriolis force

use — friction = False True if you want bottom friction

use — wind = False  True if you want wind stress

use — source = False  True if you want mass source into the domain
use — sink = False  True if you want mass sink out of the domain

param—string —= 77\” e ———
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2

paramgtring+ = "\nuse — friction = {}\nuse — wind = {}”.format(use —
friction, use — wind)

paramgtring+ = "\nuse—source = {}\nuse—sink = {}”. format(use—source, use—
sink)

paramgtring+ ="\ng = {: g}\nH = {: g}”.format(g, H)

Computational prameters

N, =150 Number of grid points in z-direction

N, =150 Number of grid points in y-direction

de = L,/(N, — 1) Grid spacing in x-direction

dy=L,/(N, —1) Grid spacing in y-direction

dt = 0.1 x min(dzx, dy)/np.sqrt(g x H) Time step (defined from the

CFL condition)

time — step = 1 For counting time loop steps

maz — timegtep = 5000 Total number of time steps in simulation
x = np.linspace(—L, /2, L. /2, N,) Array with z-points

y = np.linspace(—L, /2, L, /2, N,) Array with y-points

X,Y = np.meshgrid(z,y) Meshgrid for plotting

X = np.transpose(X) To get plots right

Y = np.transpose(Y) To get plots right

param—string+ = "\ngndx = : 2fkm\ndy = : 2fkm\ndt = : .2fs”. format(dx,dy, dt)
Define friction array if friction is enabled

if(use — frictionisTrue) :

kappag = 1/(5 * 24 % 3600)

kappa = np.ones((N,, N,)) * kappagy

kappal0,:] = kappag
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kappa[—1,:] = kappag

kappal:, 0] = kappag

kappal:, —1] = kappao
kappal: int(N,/15),:] =0
kappalint(14 * N, /15) +1:,:] =0

-

k

[ —

:

[
kappal:,: int(N,/15)] =0
kappal:,int(14 « N,/15) +1:] =0
kappa[int(N,/15) : int(2 % N, /15),int(N,/15) : int(14 * N,/15) +1] =0
kappalint(N,/15) : int(14 % N, /15) + 1,int(N,/15) : int(2 * N, /15)] = 0
kappalint(13% N, /15)+1 : int(14% N, /15)+1,int(N,/15) : int(14+«N,/15)+1] = 0
kappalint(N,/15) : int(14% N, /15)+1,int(13%x N, /15)+1 : int(14%x N, /15)+1] = 0
paramstring+ = "\nkappa = : g\nkappa/beta = : gkm”. format(kappao, kappao/(betax
1000))
Define wind stress arrays if wind is enabled. if(use,indisTrue) :
tau, = —taug * np.cos(np.pi *xy/L,) * 0
tau, = np.zeros((1,len(x)))
paramgtring+ = "\ntaug = : g\nrhog = : gkm” . format(taug, rhoy)
De finecoriolisarrayi f coriolisisenabled.
if (usecoriolisisTrue) :
if (usepetaisTrue) :
f=fo+betaxy Varyingcoriolisparameter
Lr =np.sqrt(g* H)/ fo
cr = betax g x H/ fo* 2

else :
f = foxnp.ones(len(y)) Constantcoriolisparameter
alpha = dt * f Parameterneededforcoriolisscheme
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beta. = alpha x %2 /4 Parameterneededforcoriolisscheme
paramgtring+ ="\nfo = : g".format(fo)

paramgtring+ = "\nMazalpha = : g\n”. format(alpha.max())

paramgtring+ = "\nRossbyradius : : .1fkm”. format(Lg/1000)

paramgtring+ = "\nRossbynumber : : g”. format(np.sqrt(g « H)/(fo * L))
paramgtring+ = "\nLongRossbywavespeed : : .3fm/s”.format(cg)
paramgtring+ = ”"\nLongRossbytransittime : : .2 fdays”.format(L,/(cg * 24 *
3600))

paramgtring+ ="\n =================—=—==——————————————————c
\n” Define source array if source is enabled.

if (usesource) :

sigma = np.zeros((Ny, Ny))

sigma = 0.0001 * np.exp(—((X — L,/2) x%2/(2 % (1E + 5) % %2) + (Y — L, /2) *
%2/(2 % (LE +5) % %2))) Define source array if source is enabled.
if(usegsinkisTrue) :

w = np.ones((Ny, Ny)) * sigma.sum()/(N, * N,) Write all parameters out to file.
withopen(” paramyutput.tzt”,” w” )asoutput sile :

output rile.write(paramgtring)

print(param — string) Alsoprintparameterstoscreen

u, = np.zeros((Ny, N,)) To hold u at current time step
u,pl = np.zeros((Ny, Ny)) To hold u at next time step
v, = np.zeros((N;, Ny)) To hold v at current time step
vp,pl = np.zeros((N,, N,)) To hold v at enxt time step
eta,, = np.zeros((N;, Ny)) To hold eta at current time step

eta,pl = np.zeros((N;, Ny)) To hold eta at next time step
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Temporary variables (each time step) he = np.zeros((N,, Ny))

hy = np.zeros((Ny, Ny))

hy, = np.zeros((Ny, Ny))

hs = np.zeros((Ny, Ny))

uhwe = np.zeros((Ny, Ny))

vhns = np.zeros((Ny, Ny))

Initial conditions for u and v. w,[:,:] = 0.0 Initial condition for u
Unli, ] = 0.0 Initial condition for u

un|—1,:] = 0.0 Ensuring initial u satisfy BC

Upl:, —1] = 0.0 Ensuring initial v satisfy BC

Initial condition for eta.
etay:,:] = np.sin(4 « np.pi * X/Ly) + np.sin(4 « np.pi x Y/L,)
eta, = np.exp(—((X —0) *%2/(2* (L) * %2) + (Y — 0) x %2/(2 * (Lg) * *2)))
eta, = np.exp(—((X — L;/2.7) *%2/(2 % (0.06E + 6) % x2) + (Y — L, /4) % x2/(2 *
(0.05E + 6) * x2)))
eta,[int(3 * N, /8) :int(5 * N,/8),int(3 * N,/8) : int(5 * N,/8)] = 1.0
eta,[int(6 « N, /8) : int(7 * N, /8),int(6 * N,/8) : int(7 * N,/8)] = 1.0
eta,[int(3 « N, /8) : int(5 * N, /8),int(13 * N,/14) :] = 1.0
eta,[:,:] = 0.0
vizools.sur face—plot2D(X, Y, eta,, (X.min(), X.maz()), (Y.min(),Y.maz()), (eta,.min(), etc
Sampling variables.
etayist = list(); wyist = list(); vist = list() Lists to contain eta and u,v

for simulation

ty = time.per f — counter() For timing the computation loop
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uppl: —1,:] = u,[: —1,:] — g x dt/dx * (etay [l :, ] — eta,[: —1,:])
vpplls,: —1] = vy[5, 0 —1] — g * dt/dy * (etay,[:, 1 ;] — eta,[:,: —1])
Addfrictioni fenabled.

if (usesrictionisTrue) :

uppl[: —1,:]— = dt x kappal: —1,:] * u,[: —1,]

vppl[: —1,:]— = dt x kappa[: —1,:] * v,[: —1,]

Add wind stress if enabled.

if(useyindisTrue) :

uppll: —1,:]4+ = dt x tau[:]/(rhog x H)

vppl[: —1,:]4+ = dt * taw,[:]/(rhoy * H)

Use a corrector method to add coriolis if it’s enabled.
if(use.oriolisisTrue) :

unpls, ;] = (uppl[:, ;] — betae * uy,[:, ;] + alpha * v,[:,:]) /(1 + beta..)
vaplls, ] = (vapll:, i — betae x v, [:, ;] — alpha % w,[:,:]) /(1 + beta,)
vppl[:, —1] = 0.0

upper boundary condition

uppl[—1,:] = 0.0

left boundary condition

—1,:] > 0,eta,[: —1,:] + H,eta,[1 :,:] + H)
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he[—1,:] = eta,|—1,:] + H

hy[0,:] = eta,[0,:] + H

ho[l 2] = np.where(u,pl[: —1,:] > 0,eta,[: —1,:] + H, eta,[l :,:] + H)
hyl:, s —1] = np.where(v,pl]:,: —1] > 0, eta,[:,: —1] + H, eta,[:,1:] + H)
hyl:, —1] = eta,[:, —1] + H

hs[:, 0] = etay[:,0] + H

hsl:, 1 :] = np.where(v,pl[:,: —1] > 0, eta,[:,: —1] + H, eta,[;,1:] + H)
uhwe|0, :] = u,pl0,:] * k[0, ]

uhwe[l :,:] = uppl[1 1, ;] % he[l ] — uppls =1, % hy[l 2]

vhnsl:, 0] = v,pl[:, 0] * hy[:, 0]

vhns[:, 1] = vapl[s, 1] % byl 1] — vupl[s, s —1] % hg:, 1]

- first computations done -

————————————————— Computingnvaluesatnexttimestep — — —

M1l ] =l o] = dbx (uhwel:, o] /dw + vhns:, ] /dy)
Add source term if enabled. if(usesourceisTrue) :
etap,pl[:, |+ = dt x sigma

Add sink term if enabled. if(useginkisTrue) :

etappll:,:]— = dt x w

U, = np.copy(u,pl) Update u for next iteration v, = np.copy(v,pl) Update v for
next iteration

eta, = np.copy(eta,pl) Update eta for next iteration

timestep+ =1

if (timestepsample;nterval == 0) :
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hmsample.append(etay|:, int(N,/2)])

tssample.append(etay, [int(N,/2),int(N,/2)])

tsample.append(timegtep * dt)

Store eta and (u,v) every anin-interval time step for simulations.

if (timegtepprint(” Time : \t: .2fhours”. format(timegtep * dt/3600))

print(” Step : \t/”.format(timestep, maximegtep))

print(” Mass : \t\n”. format(np.sum(eta,)))

wist.append(uy,)

vist.append(vy,)

etajist.append(eta,) ============================= Maintimeloopdone -
print(” M aincomputationloopdone!\n Executiontime : : .2fs”. format(time.per foounter()—
to)) print("\nVisualizingresults...”) ================== V/isualizingresults ==
viziools.pmeshylot(X, Y, n,, \Finalstateof sur faceelevationn™)

viziools.quiver,lot(X, Y, u,, v,,” Finalstateo fvelocity fieldu(z,y)”)

viziools.hovmullerylot(x, t;ample, hmsample)

viziools.plotimegeriesondst(tsample, tssample)

eta,nim = vizools.etagnimation(X, Y, mist, anim;nterval x dt,”n”)

etasur fonim = vizools.etagnimation3D(X, Y, niist, anim;ntervalxdt,” nsur face”)

quivgnim = vizools.velocity,nimation(X, Y, wist, vjist, anim;nterval*dt,” velocity” )
print(”\Visualizationdone!”)

plt.show()
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