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ABSTRACT

Despite many years of study and advanced biological, medical and math-

ematical understanding of diseases together with commitment to child

survival, malaria and persistent infectious diseases of childhood continue

to inflict the developing nations, especially the Sub-Saharan Africa in

large proportions. In 1990 the Kenyan under-five mortality rate was re-

ported as 97 deaths per 1000 live births, but in 2006 it had increased to

121 deaths per 1000 live births. Kenya is thus among the countries with

least progress towards Millennium Development Goal Four (MDG 4) of

32 deaths per 1000live births in 2015. In malaria endemic places, malaria

co-infectionswith persistent infections like meningitis, pneumonia and ro-

tavirus are common. Furthermore, these diseases have a high symptom

overlap with malaria thus frequently leading to clinical misdiagnosis and

its associated problems.

The objective of the study was to develop and analyse, using the stabil-

ity concepts of differential equations, deterministic mathematical models

for the co-infection of malaria with meningitis, pneumonia and rotavirus

among Kenyan children under the age of five years. This is because chil-

dren in this age group have not developed sufficient immunity and are

thus more vulnerable to infection.

The symptom overlap between malaria and these persistent infections,

in resource scarce settings typical of the developing world, is a cause

for concern. This is because in such settings diagnosis is often clinically

done. Our analysis indicate that protection against a second infection is

desirable in minimizing the effects of co-infection. Without laboratory di-

agnosis, the presence or absence of a co-infection may not be established
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Chapter 1

Introduction

Infectious diseases continue to cause suffering and mortality in human

population, especially in the developing world, despite significant ad-

vances in medical science. The situation is compounded by the fact

that infectious disease agents adapt and evolve, so that new infectious

diseases have emerged and some existing diseases have re-emerged [25].

About 29,000 children under the age of five die every day, mainly Irom

preventable causes. More than 70% of child deaths every year are at-

tributable to six causes: diarrhoea, malaria, neonatal infection, pneumo-

nia, preterm delivery, or lack of oxygen at birth. Some of the deaths are

caused by diseases such as measles or tetanus while others result indi-

rectly from marginalization, conflict and HIV/ AIDS. These deaths occur

mainly in the developing world. For instance, an Ethiopian child is 30

times more likely to die by his or her fifth birthday than a child in Western

Europe. South-central Asia has the highest number of neonatal deaths,

while sub-Saharan Africa has the highest rates of deaths overally in chil-

dren, Millennium Development Goal Four(MDG 4) is to reduce child

mortality by two-thirds, from 93 children of every 1,000 dying before age
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five in 1990 to 31 of every 1,000 in 2015 [58J. A good uriderstanding

of the transmission dynamics of infectious diseases can lead to better ap-

proaches in devising prevention and treatment strategies of these diseases.

Mathematical models of the dynamics of diseases can significantly con-

tribute to the understanding of infectious diseases and guide the choice

of intervention measures. Although mathematical modelling dates as far

back as the year 1760, deterministic modelling seems to have begun in

ernest in the 20th century [25]. To date models continue to be developed

and applied to study the dynamics of diseases. For instance mathemat-

ical models have been applied in controlling schistosomiasis, a parasitic

disease that can damage internal organs and impair cognitive growth and

development in children [23J.

1.1 Background of the Study

Humans acquire malaria following infective bites from infected Anopheles

female mosquitoes during blood feeding. Plasmodium Jalciparum is the

parasite species largely responsible for most human malaria infections

in Africa. Each year 350-500 million cases of malaria occur worldwide,

and over one million people die, most of them young children less than

five years of age in sub-Saharan Africa [64J. In 2002 malaria was the

fourth cause .of death in children in developing countries. In Malawi in

2001, malaria was responsible for 22% of all hospital admissions, 26% of

all outpatient visits and 28% of all hospital deaths. In Kenya malaria

accounts for 19% of all hospital admissions, 30% of all outpatient visits,
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with an estimate of 20% of all deaths in children less than fi\rgyears of

age being attributed to the disease [32].

People living in malaria-endemic areas are frequently exposed to other

diseases such as pneumonia, meningitis, rotavirus and sepsis. Some of

these diseases not only take advantage of the compromised immunity due

to the prolonged malaria exposure, but also have symptom overlap with

malaria. Therefore the diagnostic challenge is that a symptom may be

due to a single infection or co-infection. For example, in malaria-endemic

areas if an acute febrile patient is found to be malaria-positive, malaria

is naturally assumed to be the sole cause of the fever. Failure to diagnose

other co-infections means a delay in the initiation of their therapy and

possibly ensuing sever complications to the patient [24].

Intervention efforts employed in malaria-endemic countries include insecticide-

treated nets (ITNs), intermittent preventive treatment in pregnancy (IPTp)

and infancy (IPTi) and artemisinin-based combination therapy (ACT)

[64]. Research on the effectiveness of these interventions and the poten-

tial confounding effects of severe peadiatric co-infections is still lacking.

In this study, we develop models for malaria in children that enable us

to gain more insights into the epidemiological consequences of the com-

mon co-infections and possible remedial measures. This study focuses on

children under the age of five years because they are most likely to suffer

from the severe effects of malaria with other deadly infections since they

have not developed sufficient naturally acquired immunity [57]..
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1.1.1 Malaria and Meningitis In Children: '-'

Meningitis is an inflammation of the membranes (meninges) and cere-

brospinal fluid surrounding the brain and spinal cord, usually due to the
-

spread of an infection. The symptoms include headache, fever and a stiff

neck. The causative agent may be viral, fungal or bacterial infection.

Bacterial meningitis can be fatal, with complications ranging from brain

related infection or damage (such as deafness, paralysis, seizure and even

mental retardation) to spread of infection through the blood.

In a study carried out in Kenya, 4% of the children admitted in the hos-

pital were found to be infected with both malaria and acute bacterial

meningitis. It was noted in the study that both malarial parasites and

bacteria played a major role in the pathogenesis in the group of children

with high mortality [3].

1.1.2 Malaria and Pneumonia in Children

The term pneumonia refers to any infection of the lung, and may be fatal

since it affects a respiratory organ.. The cause of the infection may be

viral or bacterial. The viruses which cause pneumonia include influenza

A and B viruses; respiratory syncytial virus (RSV); and luiemophilus

paminfluenzae types 1, 2 and 3. The most common cause of bacte-

rial pneumonia is Streptococcus pneumoniae. This form of pneumonia

is characterised by an abrupt onset of illness with shaking chills, fever
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and production of a rust-colored sputum. Other bacteria causing pneu-

monia include Haemophilus infiuetizac type b, group A streptococcus,

and Mycobacterium tuberculosis (TB). Approximately 150 million new

cases of pneumonia occur annually among children younger than 5 years

worldwide, accounting for approximately 10-20 million hospitalizations.

Ninety-five percent of all episodes of clinical pneumonia in young children

worldwide occur in developing countries [49]. Pneumonia accounts for one

fifth of all childhood deaths worldwide, with approximately 2 million chil-

dren dying each year [6].

Malaria and pneumonia are the leading causes of death among children

in malarious countries in sub-Saharan Africa, each contributing 20 - 26%

of the total under-five mortality [26, 30j. A study carried out in Uganda

showed that 27 (19%) out of the 139 children enrolled in an urban hos-

pital were co-infected with both malaria and pneumonia [26]. Another

study carried out in Uganda also showed that out of 2,944 malaria cases

in under-fives at 14 health centres, 37% had pneumonia [30]. The most

common causes of deaths in Kenyan children after the neonatal period

are pneumonia, diarrhoea, measles, malaria, and malnutrition or a com-

bination of these conditions [40].

1.1.3 Malaria and Rotavirus in Children

Rotavirus is a pathogen of the gastrointeetinal tract that causes severe

acute gastroenteritis and diarrhoea in infants and young children [62].
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Human rotavirus infections are ubiquitous. Some review analyses show

that rotavirus accounted for 6% of diarrhoea episodes and 20% of deaths

caused by diarrhoea in children less than five years of age in develop-

ing countries [43]. Rotaviruses are shed in high concentrations in stools

of infected children and are transmitted by the faecal-oral route, both

through close person-to-person contact and through fomities such as toys

and countertops. Rotaviruses are also transmitted through other modes,

such as focally-contaminated food, water and respiratory droplets.

In a study carried out in Ghana, it was observed that 11.8% of the 243

children examined were co-infected with Plasmodium Jalciparum and en-

teropathogens, where rotavirus was also found to be the common en-

teropathogen present in more than half of the patients [46].

1.2 Statement of the problem

The infant mortality in Kenya can largely be attributed to preventable

childhood diseases. Recent reviews show that these diseases often occur

simultaneously, largely because of shared or overlapping risk factors, or

because one disorder increases the risk of the other. Furthermore, pub-

lished models on the dynamics of malaria co-infections with persistent

infections like meningitis, pneumonia and rotavirus are rare and yet these

co-infections are common. Therefore, research on the effectiveness of dis-

ease intervention strategies, especially in the light of malaria co-infections

with persistent peadiatric infections is necessary to help realise the MDG
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4 of 32 deaths per 1000 live births by 2015.

1.3 Objectives of the study

The broad objective of this research was to develop compartmental models

to study the co-dynamics of malaria and persistent paediatric infections

such as meningitis, pneumonia and rotavirus among children under the

age of five years in Kenya.

The specific objectives of this research were:

(i) To describe, formulate and analyse deterministic models for each of

the co-infections considered.

(ii) To determine whether there is a possibility of a backward bifurcation

in the models formulated

(iii) To evaluate the increase or decrease in the number of malaria co-

infection cases attributed to the persistent infections in children who

live in malaria-endemic regions.

(iv) To propose remedial measures needed to minimize the effects of

co-infection.
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1.4 Scope of the Study

This study was carried out at Maseno University, Kenya, Africa, and the

information and data about the diseases considered was obtained from

the Ministries of Medical Services and Public Health and relevant bodies

such as UNICEF, WHO.

1.5 Outcomes and research impact

(i) This study results in an improved understanding of the dynamics

and effects of co-infection with malaria and persistent paediatric

diseases.

(ii) The study also gives an insight on possible intervention measures for

minimizing the effects of co-infections.
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Chapter 2

Literature review

2.1 Mathematical models for malaria

A number of mathematical models have been developed and analysed to

explain the dynamics of infectious diseases in humans. Many of these

models are described by systems of ordinary differential equations for-

mulated under reasonable assumpticns and parameters. Mathematical

models for malaria infection in humans have also been developed, with

the pioneering work done by Ross [48]. For example, in [35], a malaria

model with partial immunity in humans is presented. In this work, a

compartmental ordinary differential equations model in which the human

population is subdivided into groups of susceptible, incubating, infective

and recovered individuals while the mosquito population is subdivided

into groups of susceptible, incubating and infective vectors is formulated.

An explicit formula for the basic reproduction number is derived. Exis-

tence of disease-free and endemic equilibria is shown, Using a numerical

example, it is demonstrated that models having the same reproductive

number but different numbers of progression stages can exhibit different
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transient transmission dynamics. <:

Similarly in [28] a model for the transmission of malaria is presented.

Contrary to [35], the model excludes the incubating stages for both the

human arid vector populations. The results of the study suggest that,

if the disease-induced death rate is large enough, there may be endemic

equilibrium when the reproduction number is less than unity and the

mudel exhibits backward bifurcation and saddle-node bifurcation, which

implies that a reproduction number less than one is not sufficient to erad-

icate malaria. An intra-host model for the dynamics of malaria and the

immune system is developed and analysed in [56]. It is established that

if the basic reproduction number is greater than one, a unique endemic

equilibrium that is globally stable exists and that the parasites persist

at the endemic steady state. The numerical analysis shows that in the

presence of immune response, the endemic equilibrium is unstable.

Human migration and travel also greatly affect the dynamics of infectious

diseases. In [55], a host-vector model for malaria with infective immi-

grants is developed and analysed. The model is shown to exhibit a unique

endemic equilibrium state if the fraction of the infective immigrants is

positive. When this fraction approaches zero, there is a sharp threshold

for which malaria can be reduced. A deterministic model analysing the

effectof control strategies on the transmission dynamics of malaria is pre-

sented in [13]. The model theoretically assesses the potential impact of

personal protection, treatment .and possible vaccination strategies. The

analysis shows that vaccination and personal protection, as well as treat-

ment meeting certain conditions, can reduce the spread of malaria in a
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community.

2.2 Mathematical Models for Meningitis

An age-structured model of meningococcal meningitis is formulated and

analysed in [39]. This model considers disease transmission by the normal

infectives and carriers. The reproductive number computed is a sum

of two reproductive numbers corresponding to infections by infectives

and carriers. Stability conditions for equilibria points are derived and

it is shewn that the disease persists whenever the reproduction number

is greater than one.

2.3 Mathematical Models for Rotavirus

The rotavirus transmission model in [63] observes the levels of cross-

immunity necessary to suppress similar strains. The authors address the

issue of heterogeneity among strains of the same pathogen by looking at

three different models. These are the altered susceptibility, the altered in-

fectivity and the partial immunity models based on Susceptible-Infect ed-

Recovered (SIR) and Susceptible-Infected-Susceptible (SIS) framework,

to propose different interaction mechanisms, and examine their conse-

quences in terms of equilibrium results. The study [52]examines the role

of maternal antibodies in age-structured models with and without vacci-

nation, The study delves further into the dynamics of passive immunity,

and consider only one strain of rotavirus. In yet another study, the dy-
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namics of rotavirus infections are studied using a simple m~thematical

model that includes the impact of breast feeding, seasonality and the

possibility of control via vaccination [51].

2.4 Malaria co-infection models

A deterministic model of co-infection of HIV and malaria is presented

in [42]. This model was analysed both analytically and numerically.

The analysis shows that the malaria-only-sub-model and HIV-malaria co-

infection model undergo the phenomenon of backward bifurcation, and

the Hl'V-only model has a globally-asymptotically stable disease free-

equilibrium whenever the reproduction number is less one. The numerical

analysis shows that the two diseases coexist whenever the reproduction

number of each of the two diseases exceed unity and the number of new

cases of malaria at a steady state seems to be higher than those of HIV

at all time. It was also shown that a reduction iri sexual activity of in-

dividuals with malaria symptoms results in a decrease in the number of

new cases of HIV and the mixed HIV-malaria infection while increasing

the number of malaria cases [42].

In yet another study [1], a mathematical model to describe the dual

infection of HIV and malaria is developed. From this model, it was estab-

lished that the dual infection of HIV and malaria fuels the spread of both

diseases. The model was applied to a setting in Kisumu, Kenya, with

an adult population of about 200,000 and it was estimated that since

12



1980, the interaction was responsible for 8,500 new HIV infe£tion cases

and 98,000 excess malaria episodes. The research emphasized the need

for more concerted health services for early and effective treatment and

prevention of malaria in the HlV-infected persons.

The analysis of the mathematical model exploring malaria and tuber-

culosis co-dynamics shows that there is a synergistic relation between the

diseases [50]. In [34], a mathematical model for malaria and meningitis

co-infection among children under five years of age is developed and anal-

ysed. The analysis shows that the disease-free equilibrium of the model

may not be globally asymptotically stable whenever the basic reproduc-

tion number is less than unity. The Centre Manifold theorem is used

to show that the model has a unique endemic equilibrium which is lo-

cally asymptotically stable when the basic reproduction number is less

than unity and unstable otherwise. The authors deduce further that a

reduction in malaria infection cases either through protection or prompt

effective treatment, which is dependent on the socio-economic status of a

community, would reduce the number of new co-infection cases.
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Chapter 3

Modelling the dynamics of

Malaria- Meningitis

Co-infection among children

A study carried out in Kenya showed that 4% of the children admitted in

the hospital were infected with both malaria and acute bacterial menin-

gitis. The study noted that co-infection played a major role in the group

of children with high mortality [3]. We present an overview of meningitis

and thereafter develop a mathematical model to study the dynamics of

malaria-meningitis co-infection.

3.1 Overview of Meningitis

Meningitis is an infectious disease characterized by inflammation of the

meninges (the tissues that surround the brain or spi.nal cord), usually due

to the spread of an infection into the cerebral spinal fluid (CSF). The
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cause of the infection may be bacterial, viral, fungal or parasitic. Some

of the risk factors for the disease are a compromised immune system due

to illness, such as HIV/ AIDS or use of immunosuppressant drugs. The

symptoms of meningitis include neck and/or back pain, headache, high

fever and a stiff neck. These symptoms <candevelop over several hours,

or they may take 1 to 2 days. Bacterial meningitis may cause acute or

chronicbrain injury leading to death or disability (such as deafness, paral-

ysis, seizure and even mental retardation) [53]. The seasonal outbreak of

meningitis in the African meningitis belt, a band of sub-Saharan Africa,

usually results into a high disease mortality and morbidity [29]. An out-

break in 1996-1997claimed more than 25,000 lives, with about 250,000

cases of illness across ten countries. However, in 2008 there were only

27,000cases across the entire belt [47].

Early diagnosis, though challenging, and medication of cases of acute bac-

terial meningitis leads to a reduction in death and neurologic sequelae.

The challenge in the clinical diagnosis b greater in malaria endemic ar-

eas. For example, at a tertiary centre :.;-~Malawi, meningitis was included

in the admission differential diagnosis in only 42% of the subsequently

proven bacterial meningitis cases, most having been initially thought to

be malaria [41]. Similarly, a study carried out at a Kenyan district hospi-

tal found out that clinicians correctly included a diagnosis of meningitis

at the initial clinical assessment in only 30% of admissions for whom a

final ~iagnosis of meningitis was,confirmed [18].
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3.2 Model Description and Formulation

To study the dynamics of malaria-meningitis co-infection we formulate a

model in which the total human population at any time t, denoted NH

is subdivided into subpopulations of susceptible humans (SH), those ex-

posed. to malaria parasites only (El), individuals infected with malaria

(II), those infected with meningitis (I2), individuals exposed to malaria

and infected with meningitis (Ed and individuals infected with both

malaria and meningitis (Ie). The total vector population at any time t,

denoted Nv is subdivided into subpopulation of susceptible (Sv), exposed

(Ev) and infectious (Iv). This means that

(3.2.1)

and

(3.2.2)

The rates of infection of susceptible humans with malaria and meningi-

tis are Ama and Ame respectively, while that of susceptible vectors with

malaria is Av. Let 'Ij; and "y be malaria and meningitis induced mortal-

ity in humans respectively, and suppose that /-LH and /-Lv are per capita

natural death rates of the human and mosquito populations respectively.

The conscant per capita recruitment rate into the susceptible human and

vector populations are AH and Av respectively. The rates at which ex-

posed human and vector populations develop malaria clinical symptoms

are (TH and (Tv respectively, while the rate at which humans progress from

the E12 class to the Ie class is ECTH, where E is a modification parameter

representing the assumption that meningitis infected individuals exposed
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to malaria develop malaria symptoms a.~a faster rate than th6~e who are

not infected with meningitis. Define <Pi as the rate at which individuals

infectedwith malaria recover, <P2 as the recovery rate from meningitis and

<P3 as the recovery rate from both infections. The recovered individuals

do not acquire temporary immunity to either or both diseases and thus

become susceptible again.

We assume that infection with meningitis when one is exposed to malaria

takes place at an advanced stage of this exposure. The parameter () ac-

counts for the increased susceptibility to infection with meningitis for

individuals infected with malaria, while the parameter p accounts for

the decreased susceptibility to infection with malaria for individuals in-

fectedwith meningitis because of decreased contact due to ill health. The

individuals displaying symptoms of both malaria and meningitis suffer

malaria-induced mortality at the rate {}'!jJ, where the parameter {}ac-

counts for the assumed increase in malaria-related mortality due to the

dual infection with meningitis and also suffer meningitis-induced mor-

tality at the rate 'fII' where the parameter 'fI accounts for the assumed

increase in meningitis-related mortality due to the dual infection with

malaria. Let a denote the number of bites per human per mosquito (bit-

ing rate of mosquitoes), f3m as the transmission probability of malaria in

humans per bite, f3v as the transmission probability of malaria in vectors

from any infected human) f3 as the effectivecontact rate for infection with

meningitis.

This yields
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(3.2.3)
Av = a/3v(I1 + He)

NH

A _ /3(I2 + EI.2 + ",Ie)
me - NH '

(3.~.4)

(3.2.5)

where 8 and", model the relative infectiousness of the co-infected indi-

vidual as compared to their counterparts.

From the above definitions and variables we have the following model

dSH AH - AmaSH - AmeSH + <PIll + (/J212+ <P3Ie - J.LHSH,dt
dEl AmaSH - AmeEI - CTHEI - J.LHEl,- -rit
st,

O'IiEI - BAmell - 'lj;h - rf>lll - J.LHlI'dt -
dl2 AmeSH - pAmaI2 - rf>2I;;- ,12 - J.LHI2'
dt -

dE12 pAmaI2 + AmeEl - (€CTH+, + J.LH)E12, (3.2.6)dt -
u,

€CTHE12 +OAmeIl - (rf>3+ iJ'Ij; + TJ, + J.LH)Ie,- -dtss;
Av - AvSv - J.LvSv,

dt
dEv AvSv - CTvEv - J.LvEv,dt -

st;
CTvEv - J.Lvlv.

dt -

18



3.3 Positivity of Solutions

Model (3.2.6) describes the human and mosquito populations and there-

fore we show that the associated state variables are non-negative for all

time t 2: 0 and that the solutions of the model (3.2.6) with positive ini-

tial data remain positive for all time t 2: O. We assume the associated

parameters as non-negative for ell time t 2: O.

Lemma 3.1. Let the initial data be {(S'If(O), Sv(O) > 0), (E1(O), h(O),

12(0), E12(0), Ie(O), Ev(O), Iv(O)) 2: O} E 'if. Then the solution set {SH, e;
h,12, El2, t;s; e; Iv}(t) is positive for all t > O.

Proal Considering the first equation in (3.2.6) i.e

This equation may be transformed into an equality by dropping the pos-

itive terms on the right hand side. Thus

dt

J S~ dSH

SH(t)

-(Ama + Arne + IJ,H)SH

> - J (Arne. + Arne + un )dt

> SH(O)e-U(>'ma+>'me)dt+J.l.Ht) 2: 0

Similarly from the second equation in (3.2.6) i.e
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we have

-(Arne -I- (TH + /-LH )E1

- J (AI7~e+ (TH + /-LH )dt

E1(0)e-(J(Ame+<TH+I-LH)t ~ 0

We can proceed in a similar manner and show that all the state variables

are positive for all time t. D

3.4 Boundedness of solutions

We show that all feasible solutions are uniformly-bounded in a proper

subset W = W H X WV'

Lemma 3.2. Solutions of the model (3.2.6) are contained in the region

W = ~H X WV'

Proof. To show that all feasible solutions are uniformly-bounded in a

proper subset W, we split the model (3.2.6) into the human component

(NH) and the mosquito component (Nv), given by equations (3.2.1) and

(3.2.2) respectively.

Let

be any solution with non-negative initial conditions. From a theorem on

differential inequality in [4] it follows that

Ii S' ) AHmsup flU ::;-,
t-too J.tH

20



Taking the time derivative of NH along a solution path of-the model
<:

(3.2.6) gives

Then,

From the theorem in [4] on differential inequality it follows that

AH ( ) to s NH ~ -- + NH 0 e-P.H
J-tH

where NH(O) represents the value of (3.2.1) evaluated at the initial values

of the respective variables. Thus as t -+ 00, we have

(3.4.1 )

This shows that NH is bounded and all the feasible solutions of the human-

only component of model (3.2.6) starting in the region WH approach, enter

or stay in the regio .•.;.,where

Similarly,let
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be any solution with non-negative initial conditions. Then

limsup Sv(t) :S Av.
t-too /-Lv

Taking the time derivative of N; along a solution path of the model (3.2.6)

gives

The mosquito-only component (3.2.2) has a varying population size.

Therefore,

From the theorem in [4]on differential inequality it follows that

where Nv(O) represents the value d (3.2.2) evaluated at the initial values

of the respective variables. Thus as t -+ 00, we have

O<N <Av_ v_
/-Lv

(3.4.2)

This shows that N; is bounded and all the feasible solutions of the

mosquito-only component of model (3.2.3) starting in the region Wv ap-

proach, enter or stay in the region, where

Thus it follows from (3.4.1) and (~.4.2) that NH and N; are bounded and

all the possible solutions of the model starting in Wwill approach, enter
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or stay in the region \II = \II H X \Ilv Vt ~ O. o

Thus \II is positively invariant under Ule flow induced by (3.2.6). Exis-

tence, uniqueness and continuation results also hold for the model (3.2.6)

in \II. Hence model (3.2.6) is well-posed mathematically and epidemiolog-

ically and it is sufficient to consider its solutions in Ill.

3.5 Equilibrium States of the model

The equilibrium points of the model (3.2.6) are obtained by setting the left

hand side of the model to zero and solving simultaneously, giving rise to

two possible equilibrium points namely: the disease-free and the endemic

equilibrium points. We assume there is no trivial equilibrium point since

there is constant recruitment into human and vector populations.

3.5.1 Disease-free equilibrium point of the model
•

In the absence of infection by either or both diseases, the model (3.2.6),

has a steady-state solution called the disease-free equilibrium (DFE) de-

noted by EO. We define the "diseased" classes as the human or mosquito

populations that are either exposed or infectious. Define the positive

orthant in R? by JR~ and the boundary of lR~ by 8lR!.

Lemma 3.3. For all equilibrium poiuis on \II n 8lR!, E, = 11 = 12 =
E12 = I, = E; = I; = 0
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The positive DFE for human and mosquito populations fot<..-themodel

(3.2.6) are

(3.5.1)

Lemma 3.4. The model (3.2.6) has exactly one DFE,

EO = (~, 0, 0, O.0,0, .k, 0, 0)J1.:: ' p.,;

Proof. The proof of the lemma requires that we show that DFE is the

only equilibrium point of (3.2.6) on q, n aR~. Substituting EO into (3.2.6)

shows all derivatives equal to zero, hence DFE is an equilibrium point.

From Lemma 3.3, the only equilibrium point for NH is ~ and the only

equilibrium point for N; is &. Thus the only equilibrium point for q, n
J.Lv

aR~ is the DFE. 0

3.6 The Basic Reproduction number Ro

The global dynamics of the model (3.2.6) is highly dependent on an impor-

tant epidemiological parameter called the basic reproduction number Ro.

lt is defined as the average number of secondary infections an infectious

individual would cause over his infectious period in an entirely susceptible

population. We specifically define the basic reproduction number, Rmm ;>.':;

the number of secondary malaria (or meningitis) infections due to a single

malaria (or a single meningitis-infective) individual. When Rmm < 1, it

means an infectious individual is causing, on average, less than one new

infection and thus the disease does not invade the population. On the

other hand, when Rmm > 1, then an infectious individual is causing, on

average, more than one new infection and thus the disease invades and
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persist in the population. We determine R.-nm using the next: ~enera.tion

operator approach in [15, 59]. To employ this method, Werewrite (::5.2.6)

beginning with the infected classes z; III I2, E12, t; E«. t; followed by the

uninfected classes 8H , 8v. This yields

u,
dt
dI2

dt
dE12

dt
st,
dt

as;
dt
at;
dt

d8H
dt

d.S;
dt

(3.6.1)

Define :F;, as the rate of appearance of new infections in the class or

compartment i and Vi = Vi- -vt, when: Vi- is the rate of transfer of indi-

viduals out of compartment i, and Vi+ is the rate of transfer of individuals

into compartment i by all other means. Therefore
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( o{JmI" S 1 "--
N;;- H

0
{J(I2+E12+tt1c) o

NH uH

Fi= pOfJmI" I + {J{l2+E12+1<Ic) E
NH 2 NH 1

e{J(I2+E12+I<Ic) 1
NH 1

)o{J,,(hHlc) S
NH v

0

and

(P(I2+~~+ttlc) + (7H + J.LH)El

(e{J(h+~~+ttlc) + 'if; + cPl + J.LH)h - (7HEl

(pot:" + cP2 +, + J.LH)12

Vi= (€aH + , + J.LH)E12

l
(cPs + {l'cj; + rn -r J.LH)Ic - W'H El2

((7v j- J.Lv)Ev

J.Lv1v - a.E;

The Jacobian of:Fi at the disease-free equilibrium is denoted F, and

is given by

0 0 0 0 0 0 a{3m

0 0 0 0 0 0 0

0 0 f3 f3 f3K, 0 0

F= 0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 o(:3"A"J.1H 0 o ' O(:3"OA"eH 0 0
AHj1" I\H~

0 0 0 0 0 0 0
/
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Similarly, the Jacobian of Vi at the disease-free equilibrium: ~ denoted

V, and is given by

( hi 0 0 0 0 0 0

-(TH h2 0 0 0 0 0

0 0 h3 0 0 0 0

v= 0 0 0 h4 0 0 0

0 0 0 -E(TH h5 0 0

0 0 0 0 0 h6 0

0 0 0 0 0 -(Tv J.Lv

where hi = (TH+J.LH, h2 = 'lj;+(Pl +fLH, h3 = 4>2+'r+J.LH, h4 = E(TH+,+J.LH

h5 = 4>3 + {}'l/J + 1], + J.LIi and h6 = (Tv + J.Lv·

The basic reproduction number Rmm is by definition [15] the spectral

radius of the matrix FV-i. The eigenvalues of the matrix FV-i are

0; 0, 0, 0, (hJ+IJ.H and ±
Therefore Rmm is given by

Rmm =max{
a2f3mf3y(TH(TvJ.LHAv f3}

AHJ.L~((TH + J.LH)(ov + J.Lv)(Pl + 'l/J+ J.LH)' 4>2 +, + J.LH .
(3.6.2)

Denoting Rm = o:2(3m{3vUHUv/j,~ __
a AHIJ.~(UH+IJ.H ) (G"v+IJ.v)(,pl+'I/J+IJ.H)

and Rme = <l>2J+IJ.H'

we have R.,nm= !!lax{Rma, Rme}.
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Rma is a measure of the average number of secondary malariaInfections

in human or mosquito population caused by a single infective human or

mosquito introduced into an entirely susceptible population. Rma can be

expressed as

where

(3.6.3)

and

(3.6.4)

The equation (3.6.3) represents the total number of malaria infections in

mosquitoes caused by a single infected human. It is directly proportional

to the biting rate D:, the probability of survival till infectious stage for hu-

mans ~+ and the mean time spent in the infective class <P +~+ . On
<IH /loH . 1 /LH

the other hand (3.6.4) represents the total number of secondary malaria

infections in humans caused by one infected mosquito. This number. is

highly dependent on the mosquito biting rate D: and the probability of

mosquito survival till the infectious stage ~+ .
(1'" J.l.'V

Remark 3.5. From (3.0.4), it is evident that strategies for the reduction

of malaria infections in humans should target reduction of the mosquito

biting rate a through protection such as the use of insecticide treated nets.

Methods that aim at vector elimination or reduction such as draining stag-

nant water breeding grounds and spraying would reduce the probability

of mosquito survival till the infectious stage and thus reduce malaria in-

fections in humans.
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Sizuilarly, Rme is a measure of the average number of secondary menin-

gitis infections in humans caused by a single infective human introduced

into an entirely susceptible population. The following lemma follows from

Theorem 2 of [59].

Corollary 3.6. The disease-free equilibrium EO of the model (3.2.6) is

locolu; asymptotically stable whenever PLmm < 1 and unstable when Rmm >
1.

3.7 Global stability of the disease-free equi-

librium

The global asymptotic stab~lity (GAS) of the disease-free state of the

model is investigated using the theorem by Castillo-Chavez et.al [10]. We

rewrite the model as

dX
dt
dZ
dt

H(X,Z),

= G(X, Z), G(X, 0) = 0 (3.7.1)

where X = (SH, Sv) and Z = (E1,!1,!2, E12,Ie, Ev'!v) , with the compo-

nents of X E ]R2 denoting the uninfected population and the components

of Z E ]R7 denoting the infected population.

The disease-flee equilibrium is now denoted as

FfJ = (X* 0) X* = (AH Av)
)' \) .

/-LH /-Lv
(3.7.2)

29



\

The conditions in (3.7.3) must be met to guarantee a local asymptotic

stability:

dX
dt - H(X, 0), X* is globally asymptotically stable (GAS)

G(X, Z) - PZ - G(X, Z), G(X, Z) ~ 0 for (X, Z) En (3.7.3)

where P = DzG(X*, 0) is an M-matrix (the off-diagonal elements of P

are non-negative) and n is the region where the model makes biological

sense. If the system (3.7.1) satisfies the conditions of (3.7.3) then the

theorem below holds.

Thecrem 3.7. The fixed point EJ = (X*, 0) is a globally asymptotically

stable equilibrium of system (3.1..1) provided that Rmm < 1 and the as-

sumptions in (3.7.3) are satisfied.

Proof. From the model system (3.2.6) and (3.7.1), we have

G(X, Z) = PZ ._.G(X, Z)
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where

-h6 0 0 0 0 0 a{Jm'

C7H -h7 0 0 0 0 0

0 0 hs {J (3K 0 0

p= 0 0 0 -,1,9 0 0 0

0 0 0 €C7H -hlO 0 0

0 a{Jv 0 0 a{JJ) -hll 0

0 0 0 0 0 C7v -/-Lv

and

Gl(X,Z) . a{Jmlv(1 - fI;) + AmeEl

G2(X,Z) BArnell

G3(X,Z) PAmal2 +- f3(I2 + E12 + KlJ (1 - fI;)
G(X,Z) = G4(X,Z) = -(ArneE1 + pAmal2)

G5(X,Z) -BAmeh

G6(X,Z) a{Jv(I1 + c5Ic)(1 - -ki) jG7(X,Z) 0

where h6 = C7H + /-LH, h7 = 'lj; + ¢1 + /-LH, hs = f3 - (¢2 + 'Y + /-LH),

hg = evn + 'Y+ J.1.H,hlO = <P3 + {)'lj; + 'fJ"I + /-LH and hll = C7v+ /-Lv·

G4(X, Z) < 0, G5(X, Z) < 0 and so the conditions in (3.7.3) are not met

so EO may not be globally asymptotically stable when Rntm < 1. 0

This implies th ••.t there is the possibility of future disease outbreaks

when the conditions favouring the outbreaks are prevailing. During such

outbreaks individuals tend to take protective measures against infection.
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We thus investigate the dynamics of (3.2.6) by considering, in 1urns, two

scenarios of maximum protection.

Case I: Maximum protection against malaria

Suppose individuals are fully protected against infective mosquito

bites during a malaria outbreak, i.e a = 0 , then there would be no

new malaria infections. In this case, the basic reproduction number of

the model (3.2.6) would be given by Rmm = Rme and the matrix G(X, Z)

would become

G(X,Z) =

~l(X,Z) ,

G2(X,Z) I
~3(X,Z) I
G4(X,Z)

G5(X,Z)

G6(X,Z)

G7(X,Z)

o
o

AmeEl 1
OAmeh

(3(I2 + E12 + ~Ic)(l - fI;)
-»;».

Once again we note that G4(X, Z:1 < 0, G5(X, Z) < 0 and so the disease-

free equilibrium is not globally stable. However, due to the fast dynamics

of meningitis, with an incubation period ranging between hours and two

days compared to about 14 days for malaria [53], we may overlook the

term AmeEl. TUs is because malaria exposed individuals may not sub-

stantially influence the dynamics of the co-infection. Global stability can

then be achieved if individuals already infected with malaria are protected
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against infection with meningitis. For children, this protection could be
\

realised in the form of childhood immunizations against meningitis.

Case II: Maximum protection against meningitis

If on the other hand individuals take fully protective measures against

meningitis during an outbreak so that there are no new meningitis in-

fections, then f3 = O. Consequently only G4(X, Z) = -PAmah < O. To

achieveglobal stability for the disease-freeequilibrium of the co-infection

we would need to protect meningitis infected individuals against malaria

infection. \.

We thus observe that protection against only one infection may not

yield much during an outbreak of one disease where the other is endemic.

It would be helpful, especially for diseases With symptom overlap, to

conduct laboratory tests to confirm or rule out co-infection with a view

to initiating correct and timely prophylaxis.

3.8 Backward bifurcation and Local stabil-

ity of the Endemic equilibrium

A bifurcation point is a point in parameter space where the number of

equilibrium points, or their stability properties, or both, change. As noted

earlier, an infectious disease does not invade a population of susceptibles

when the basic reproduction number is less than unity. However, when

the basic reproduction number is greater than unity, then the invasion
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occurs. The occurrence of backward bifurcation then implies-that the

endemic equilibrium does exist even if the basic reproduction number is

less than unity. The epidemiological implication of backward bifurcation

is that reducing the basic reproduction number to less than unity is not

sufficient to control an epidemic.

When the basic reproduction number is unity each infectious individual

causes one new infection. From [17], therefore, whether a disease invades

with the basic reproduction number equal to unity will be determined

by whether the basic reproduction number increases or decreases as the

disease increases along the centre manifold. When backward bifurcation

occurs, the diseases-free equilibrium may not be globally asymptotically

stable even if the basic reproduction number is less than unity and thus

a stable endemic state co-exists with the diseases-free equilibrium. We

employ the theorem by [8, 9] to investigate the possible occurrence of

backward bifurcation.

For purpose of convenience, we reproduce the theorem below.

Theorem 3.8. Castillo-Chavez and Song {9j

Consider the following general system of ordinary differential equations

with it parameter ¢

where ° is an equilibrium point of the system (i.e.f(O, ¢) == ° for all ¢)

and

1. A = Dxf(O,0) = (~(O,O)) is the linearization matrix of the susiesn
. J

around the equilibrium point 0 with ¢ evaluated at 0;
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2. Zero is a simple eigenvalue of A and all other eigenvaluJsGof A have

r~egative real parts;

3. Matrix A has a right eigenvector wand a left eigenvector v corre-

sponding to the zero eigenvalue.

Let fk be the kth component of f and

then the local dynamics of the system around the equilibrium point ° is

tota~!IJ'determined by the signs of a and b. Particularly,

(i) a > 0, b > 0, when e; < ° with :~~I~ 1, (0, a) is locally csymptot-

ically stable and there exists a positive unstable equilibrium; when

° < f3:n ~ 1, (0,0) is unstable arul there exists a negative and locally

asymptotically stable equilibrium.

(ii) a < 0, b < 0, when f3':r. < ° with IfJ:n1 -e; 1, (0,0) is unstable;

when ° < f3:n ~ 1, (0,0) is asymptotically stable and there exists a

positive unstable equilibrium.

(iii) a > 0, b < 0, when f3:n < 0 with 1f3:n1 ~ 1, (0,0) is unstable, and

there exists a negative and locally asymptotically stable equilibrium;

7uhen ° < p;" ~ 1, (0,0) is stable and there exists a positive unstable

equilibrium:
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(iv) a < 0, b > 0, when /3;" changes from negative to positive, (0,0)

changes its stability from stable to unstable. Correspondingly a neg-

ative equilibrium becomes positive and locally asymptotically stable.

Particularly, if a > 0 and b > 0, then c. backward bifurcation occurs at

/3;" = O.

To apply this theorem we make the following change of variables.

Xg, I; = Xg so that NH = Xl +X2+X3+X4 +X5+X6 and N; = X7+X8+X9·

The model (3.2.6) can be rewritten in the form ~~ = F(x) where X =

(XbX2,X3,X4,X5,X6,X7,X8,X9) and F = (!1,/2,/a,f4,j5,j6,f7,i8,fg) as

dXi
!1 = AH - A~Xl - >'~eXl + <P1X3 + <P2X4 + <P3X6 - J.LHXl,

dt
dX2

/2 = A~;<;l - A~eX2 - ((JH + J.LH)X2,=dt
dX3 fa = (JHX2 - eA~eX3 - ('ljJ + (Pl + J.LH)X3,- =dt
dX4

14 = A~eXl - P'\~X4 - (<P2+ 'Y + J.LH)X4,
dt

-

dX5
i5 ;:::::p>'~aX4 + A~eX2 - (WH + 'Y + J.LH)X5, (3.8.1)

dt
-

dX6
[e = f.(JHX5 + eA~eX3 - (<P3+ '!9'lj; + rn+ J.LH)X6,- =dt

dX7 17 = Av - (A~ + J.Lv)X7,- =dt
dX8

i8 = A~X7 - ((Jv + J.Lv)xs,-
dt

dXg
ig = (JvXs - !-£1JXg.=ai

The jacobian of (3.8.1) at the DFE EO is given by
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"--PH 0 (PI -13 + (P2 -13 -13K, +(/J3 0 0 -af3m

0 -KI 0 0 0 0 0 0 aa

0 (TH -K2 0 0 0 0 0 0
0 0 0 K3 f3 f3K, 0 I) 0

J(EO)= 0 0 0 0 -K4 0 0 0 0
0 0 0 0 E(TH -Ks 0 0 0
0 0 -af3vp 0 0 -aof3vp -Pv 0 0
0 0 0 af3vp 0 0 aof3vp 0 -K6
0 0 0 0 0 0 0 (Tv -Pv

where K1= (TH + P.<;, K2 = 'I/J + <PI+ PH, K3 = 13 - (<P2+ 'Y+ PH),

K4 = E(TH+ 'Y+PH, Ks = <P3-+- {}'I/J +rn+ /l,H, K6 = (Tv+Pv and P = XH~V.. H v

To analyze the dynamics of (3.8.1), we compute the eigenvectors of its

jacobian at the DFE.

This Jacobian has a right eigenvector denoted by
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W = (WI,W2,W3,W4,W5,W6,W7,WS,Wg)T and is given by <:

(/>IW3 - a{3mWg
WI -

J.LH

a{3mWg
W2 =

KI

a{3m{J H'W9
W3 =

K1K2

W4 = 0

W5 = 0

W6 = 0
-a{3vPW3

W7 =
J.Lv

J.LvWg
Ws

{Jv

Wg = Wg
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and is given by "-

VI = 0

CTHV3
V2

Kl
V3 V3

_a2 f3mf3vp(J HV3
V4 =

KIK3K6
f3V4 + W"HV6

V5 = K~
f3J<i,V4- a6f3vpv7

V6 = K5
a26f3m/3uPCTHV3

V7 = J.LvKIK6

af3mCTHV3Vs =
KIK6

Vg - 0

Consider the case when Rmm = 1 (assuming that Rme < Rma) and

choose 13m = f3:n as a bifurcation parameter. Solving for 13m from Rmm =

Rma = 1 gives

fL = 13* = A::!J,~(CTIJ + J.LH)(CTv + J.Lv)(1/J + <PI+ J.LH)
..• m a2f3vCTH(JvJ.LHAv

(3.8.2)

We next evaluate the associated non-vanishing second order partial deriva-

tives of f so as to obtain a and b. At the DFE, these are given by
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since VI = Vg = O.

The functions that yield non-vanishing second order partial derivatives

are

These derivatives are

where

-2JLH
a = ~(v2W2Wga[3m + 'U2w3Wga[3m + V7w3w7a[3v)

1':' b th d . t· !t& ~ Thror, e enva Ives are 8f3:r. = aXg, 8f3;...8xg = a. us

(3.8.3)

(3.8.4)

Thus, provided l3.8.3) and (3.8.4) hole, we have established the following

theorem

Theorem 3.9. The unique endemic equilibrium of the model (3.2.6) is

locally asymptotically stable when R-m;,l < 1 and unstable when Rmm >
1. Furthermore, by Theorem 8.8, item (i), the model would undeTfJO

40



\
backward bifurcation when a > O. This would be the case if IV7w3w7a,Bvl >

(V2W2Wga,Bm + V2W3Wga,Bm)'

483 A 3" 2 2a , Tfi,r-u(JHuP WgV3
2K3K2K/-Lv 1 2 6

(3.8.5)

From (3.8.5) it is evident that the occurrence of backward bifurcation

is favoured by a high mosquito biting rate, high probabilities of trans-

mission of malaria in both human and vectors and a high probability of

survival till the infectious stage. The latter is proportional to the rate of

progression from the exposed class to the infectious class. An individual

with a low level of immunity would progress to the infectious class faster.

Therefore efforts to control malaria infections among children must ad-

dress issues affecting immunity such as breast feeding and nutrition among

other things.

3."9 Numerical simulations

To illustrate some of the theoretical results arrived at, simulations of the

model (3.2.6) are done using Maslab. Since the study targeted children

under the age of five years in Kenya, some of the parameters values used

in the simulation are specific to this age while others are allowed to vary

within realistic limits. Table 1 'below summarizes the parameter values

used !!<. the simulations.
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Parameter symbol Value <- Source

Recruitment rate of humans AH 9.6274 x 10-5 day-l [llJ

Recruitment rate of mosquitoes Av 0.071 day-l [21J

Natural death rate of children /-LH 2.537 x 10-5 day-l [l1J

Natural death rate of mosquitoes /-Lv 0.1429 day-l [12]

Malaria-induced death rate 1/J 4.49312 x 10-4 day-l [19]

Meningitis-induced death rate 'Y 6.8445 x 10-4 day" [20J

Transmission probability (3m 0.8333 day" [12J

for malaria in humans

Transmission probability (3v Variable day-l Variable

for malaria in mosquitoes

Contact rate for (3 Variable d&.y-l Variable

meningitis infection

Biting rate of mosquitoes a (0.125,1) day " [22J

Modification parameters 8,/'i, 1.0005,1.05 Assumed

Modification parameters €,p,a 1.0025,1.0025,0.80 Assumed

Modification parameters 7],'19 1.0005, 1.00025 Assumed

Recovery rate from malaria ¢1 0.00556 [16]

Recovery rate from meningitis ¢2 0.00065 Estimate

Recovery rate from co-infection ip3 0.00075 Estimate

Rate at which humans exposed to (TH 0.08333 [12J
malaria develop symptoms

Rate at which vectors exposed to (Tv 0.1 [12J

malaria develop symptoms

Table1: Parameter Values

42



3.10 Discussion

In the absence of good nutrition, sanitation and affordable health care,

preventable infectious diseases such as malaria and meningitis continue

to thrive. These diseases are not only a threat to child survival but also

the acsociated economic burden is a major hindrance to poverty reduc-

tion. The applicability or importance oi an epidemiological modal lies in

its ability to provide biologically meaningful interpretations and the pos-

sible disease control measures. Possible disease control strategies would

be to reduce or guard against incidences of co-infection by keeping the

prevalence of each disease at low levels or complete eradication of either

disease. This could be achieved through prompt recognition of symptoms,

correct diagnosis, effective treatment (and quarantine where possible) and

prevention as we illustrate here.

From Rme = ~+ .•..-, w~~"ould rightly claim that Rme is directly pro-
,,'2 'Y, J1.H .

portional to the mean time spent in the i!Jfective class given by <P2+~+J1.H.

Clearly in the presence of prompt and effective treatment of meningitis

infectives <P2 -+ 00 as "t -+ o. The implication of this is that Rme -+ 0 and

thus 40 new meningitis infections, since <P+ \ -+ o. Unfortunately, the
• 2 'Y J1.H .

treatment costs for meningitis infection are relatively higher as observed

in the study conducted in Kenya by [2]. Besides, recent major advances in

vaccine developments may not benefit the poor due to high costs and poor
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3.9.1 The relationship between the reproduction

number and disease progression

a b
III 8 1.5,
~ (/J "-1:5 \ ~ <,
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Figure 3.9.1: Simulation of model (3.2.6), with a = 0.125, f3v =
0.125 and f3 = 0.0003, giving R-ma = 0.318905, Rme

0.318~05, with varying initial conditions.

0.22062, Rmm =

Whenever the respective reproduction numbers are less than unity, the

infections reduce in time (Fig.3.9.1). However when the reproduction

numbers are greater than unity the infections become endemic (Fig.3.9.2).
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Figure 3.9.2: Simulation of model (3.2.6), with a = 0.6, f3v = 0.6 and ,A =

0.0015, giving Rma = 3.35369, Rme = 1.1031, Rmm = 3.35369, with vary-

ing initial ccnditions.
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3.9.2 The effect of meningitis infection on malaria

1.8

8 7

1.6

Figure 3.9.3: The effect of meningitis infection on malaria

This graph shows that whenever the number of meningitis infection cases

reduce, the individuals' mobility increase and can thus be infected with

malaria. Consequently the malaria infection cases go up.

0.8

0.6

0.4L...--~-~---'-----'~---'-·-~-----'
o 2 3 4 5

Malaria I,,!oelives
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3.9.3 The effect of malaria en co-infection

1.6

1.4

0.4

2 4 6 8 10
Malaria Infactive.

12 14

Figure 3.9.4: The effect of malaria on co-infection

When infection with malaria is not sever, the infected individual is mobile

and may come into contact with one infected with meningitis and thus

increase the number of co-infection cases as shown in Fig. 3.9.4.
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3.9.4 The effect of meningitis on co-infection
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"';,ningilis Infectives

Figure 3.9.5: The effect of meningitis on co-infection

Infection with meningitis usually reduces the mobility of those infected,

for instance due to hospitalization. These individuals' likelihood of in-

fection with malaria is thus reduced and consequently the number of

co-infection cases reduce.
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3.9.5 The effect of varying mosquito biting rate, a
a
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Figure 3.9.6: The effect of varying the mosquito biting rate, a

We investigate the effect of varying the mosquito biting rate on the classes

11, and L; From Fig.3.9.6(a, b), It is evident that a higher biting rate

results into increased malaria infections. Furthermore co-infection cases

also rise supporting the fact that malaria infection causes immunosup-

pression. Thus a reduction of the biting rate through such means as

use of insecticide treated nets and indoor residual spraying would reduce

infections in humans.
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3.9.6 The effect of varying the contact rate, (3
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Figure 3.9.7: The effect of varying the contact rate, f3
Fig.3.9.7 (a) shows that the higher.the contact rate the higher the m.•.in-

ber of meningitis cases. However, Fig.3.9.7 (b) shows that there is no

appreciable increase in the n:..•mber of co-infection cases due to a higher

contact rate. This is probably due to the fact that meningitis attack

is usually sever leading to hospitalization. This reduces the chances of

malaria infection.
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infrastructure. for their delivery. This translates to increased susceptibility
G

to meningitis infection. Since bacterial meningitis is highly infectious, the

situation is compounded by the fact th,",,~in low socio-economic settings

people reside in crowded places such as slums thus increasing the contact

rates.

As noted earlier, a reduction of the vector biting rate through such means

as use of insecticide treated nets and indoor residual spraying would

reduce malaria infections in humans. However, a combination of np-

timal control strategies including both preventive and treatment mea-

sures would be most desirable. Therefore it is needful to scale up the

cost-effective interventions used in malaria-endemic areas such insecticide-

treated nets (ITNs), intermittent preventive treatment in pregnancy (lPTp)

and infancy (IPTi) and artemisinin-bssed combination therapy (ACT)

[64].

People living in malaria-endemic areas are exposed to other diseases typ-

ically affecting the poor. These diseases not only take advantage e>fthe

compromised immunity due to the prolonged malaria exposure, coupled

with limited and untimely chemotherapy but also present with malaria-

like symptoms. This means that, for an acute febrile patient that is in-

fected with malaria, laboratory diagnosis for infections such as meningitis,

pneumonia and diarrhea should be done so as to rule out or confirm co-

infection. Failure to diagnose other co-infections means a delay in the ini-

tiation of their therapy and possibly ensuing sever complications to the

patient [24]. At; noted above malaria ~3 endemic in low socio-economic

settings. We also observe that in such settings the health facilities are

usually few and inadequate in terms of' equipment and personnel. Thin
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could possibly lead to non performance of comprehensive laboratory tests.
"--Consequently, most patients with fever resort to buying cheap and inef-

fective over-the-counter drugs, thus fueling the spread of disease.
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Chapter 4

Modelling the dynamics of

Malaria-Pneumonia

co-infection among children

A study carried out in Uganda showed that 27 (19%) out of the 139 chil-

dren enrolled in an urban hospital were co-infected with both malaria and

pneumonia [26]. Another study carried out in Uganda also showed that

out of 2,944 malaria cases in under-fives at 14 health centres, 37% had

pneumonia [30]. The most common causes of deaths in Kenyan children

after the neonatal period are pneumonia, diarrhoea, measles, malaria, and

malnutrition or a combination of these conditions [40]. In this chapter,

beginning with an overview of pneumonia, we explore the co-dynamics

of malaria and pneumonia by formulating and analysing a co-infection

model.
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4.1 Overview of Pneumonia

Pneumonia is an air-bone respiratory disease caused by infection inside

the lungs. It may be contracted by breathing in droplets containing dis-

ease causing organisms, released into air when an infected person coughs

or sneezes. Pneumonia may also be contracted when bacteria or viruses

that are normally present in the mouth, throat, or 110seinadvertently ell-

ter the lung. The most common cause cf bacterial pneumonia is S. pneu-

moniae. The symptoms of pneumonia include: cough, difficult breathing,

fever, muscle aches, loss of appetite and lethargy. The risk factors for

pneumonia include smoking and second-hand smoke, alcohol and drug

abuse, crowded living conditions and certain medical conditions. These

include conditions that interfere with the gag reflex, weaken the immune

system and organ transplant. Children have a higher risk of developing

pneumonia if they have weakened immune systems.

Statistics shew that of all children outpatients suffering from respiratory

complications, 25 percent of thecases are confirmed to be pneumonia.

The Kenyan case is no different the percentage being 18. Pneumonia

mortality in children is very high especially in the developing world, with

an estimate of 5,500 deaths per day [58, 64].

4.2 Model Descr-iption and Formulation

The total human population size N H at any time is subdivided into the

classes: susceptible SH, infectious with malaria 1M, infectious with pIJ.8U-
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monia Ip and symptomatically infectious with malaria and' -pneumonia

IMP' The human population is not assumed to be constant since birth,

migration, emigration and death occur. However we assume that the

probability of survival till the infectious state for individuals exposed to

malaria as well as those exposed to pneumonia is unity and therefore

exclude the class of individuals exposed to these diseases. The constant.

per capita recruitment rate into the susceptible human population is AH.

The vector population Nv is subdivided into the susceptible Bv and in-

fectious Iv classes. The per capita recruitment rate into the susceptible

vector population is Av and is assumed to be density dependent. Let

J.LH and J.Lv be per capita natural death rates of the human and mosquito

populations respectively.

Due to malaria related immunodeficiency we include the modification pa-

rameter {) to account for the increased susceptibility to infection with

pneumonia. thu human population suffer disease induced mortality at

the rate 'T. The expected decrease in ccntact due to ill health r..r-a result

of pneumonia disease is accounted for by the parameter 0 < e < 1. Move-

ment back to the susceptible class upon recovery from the class IMP is a+

the rate ¢. Let the rate of recovery frc,u h- to SF! be T, while that [rom

IM to SH be n.

The rates of infection of suscepti'rle humans with malaria and pneumo-

nia are AM and Ap respectively while that of susceptible vectors is AV.

Define a as the number of bites per human per mosquito, 13m as the

transmission probability of malaria in humans, /3v as the probability that



a mosquito becomes infected with malaria from any infected human, (3p

as the probability that one individual is being infected with pneumonia

by one infectious individual and c is the per capita contact rate. This

yields the following forces of infection

(4.2.1)

Av = a(3u(IM + 8I.lvfp)

![ii
(4.2.2)

Ap = (3pc(Ip + ,."IMP)

NH
(4.2.3)

where S and ,."are modification parameters accounting for the relative

infectiousness of the co-infected individual as compared to their counter-

parts. Prom the above definitions and variables we have the following

model with nonnegative initial conditions

dSH
dt

dIM
dt
dIp
dt

dI~.~p
dt
dSv

dt
dIv

(4.2.4)
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Since NH = SH + 1M + Ip + h1P and Nv = Sv + Iv, we ha~~

dIVH
dt

dNv
dt

(Av - /-Lv)Nv (4.2.5)

'NFrom (4.2.5) we note that in the absence of infection a dtH = AH -

/-LHNH, so that NH would approach the carrying capacity ~. The V6..:;t~{

population, on the other hand, would grow exponentially for Av > /-Lv,

be constant for Av = /lv and decline for A'/ < /lv·

Model (4.2.4) describes the human and mosquito populations and

therefore it ean be shown that the associated state variables are non-

negative for all time i ~ 0 &."1 that the solutions of the model (4.2.4) with

positive initial data remains positive fer ;111 time t ~ 0 and are uniformly-

bounded. Vie assume the associated parameters as non-negative for all

time t ~ O. Thus (4.2.4) is mathematically well hosed and its dynamics

can be considered in a proper subset; n.

4.3 Equilibria Points of the Model

The steady states of the model (4.2.4) are investigated, conveniently, by

first reducing the number of the variables. This is achieved by normalizing

each class of the human and vector populations. Define Sh = !Jf;, im =

.:.M.
N
!· , ip = 2LN1 ,imp = i

N
MP, s, = ~NS rand i; = .!JLN[ as the proportions of

H H H V. v

the classes SH, 1M, Ip, IMP, Sv and l- respectively. Let p = %;, which is

1::"7
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regarded as a constant since (;,mosquito takes a constant number of blood

meals per unit time independen: of the population density of the human

host[60].

below:

dSh

dt

dim
-

dt

dip

dt

dimp
=

dt

ds;
-
dt
di;--
dt

aDd

,
Then we have the normalised system given by the equations

AH AH " .
NH - [N

H
- a ui-« - O"p2p - (O"M + O"p + O"MP )2rnp

+ R . • B I' , • \1 ...l..' . A, .
Ot:f··\':1.{YtvT : pc\'tp -t- KLmp; ,·.~h : 'ir'Lm + T'Lp + 'f/2mp

Ot:{3mpivsh - [~r:+ iJ{3pc(ip + K,imp) + (O"M + 7r) - O"pip

=a ui-« - (O"M + O"p + uMp)imp]im

R (. .; \ R" [AH ( )"'pc 'Lp + K,'/,mp)Sh .- cOt:"'mP21,1,p _. NH + O"p + T

-O"Mim - O"pip - (O"M + 0'1" + O"MP )imp]ip

cOt:{3mpivip + {}{3pc(ip +K,imp)im - [~: + (O"M + O"p + O"MP + ¢)

-O"Mim - O"pip - (O"M '+ ap + O"Mp)imp]imp

(4.3.1)

58



"

We may reduce (4.3.1) to a four dimensional system by eliminating Sh

and sv, since Sh = 1 - im - ip - imp and s., = 1 - iv' This yields

diTTO =
dt

dip =dt

dimp =
dt

o:f3mpivsh - [AvH + {}(3pc(ip + K,imp) + ((JM + 1T) - (Jpip
1 H

=o ui;« - ((JM + (Jp + (JMP )i:np]im

A
fJpc(ip + K,imp)Sh - eO:Pmpivip - [}f; + ((Jp + T)

·_·(JMim - (Jpip -- ((JM + (Jp + (JMP )imp]ip

A
eo:{3mpivip + {}(:Jpc(-ip+ K,imp)im - [;; + ((JM + (Jp + (JMP + ¢)

-(1Mir;-> - (Jpip - ((JM + (Jp + (JMp)imp]imp

di;
it

(4.3.3)

with the feasible region O={(im, ip, imp, iv) E Rt : im 2: 0, ip 2: 0, imp 2:

0, i-; + ip + imp ~ 1, 0 s iv ~ I}

The equilibrium points of (4.3.2) ami (4.3.3) are obtained by equating

the derivatives to zero and solving for the variables. Thus solving (4.3.2)

at an equilibrium point yields

(4.3.4)

Upon substituting (4.3.4) ink (4.3.3) an;:;: setting the derivatives to zero,
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we obtain

o -- a/3mpiv(l- ion - ip - imp) - ['t9/3pc(ip + Kimp) + O'M + 7r + /-lHJim

o j3pc(ip + Kimp)(l- i-, - ip - imp) - £a/3mpivip - [O'p + T + /-lHJip

o £a/3mpivip + {}f3pc(-ip + Kimp)'i ..~ - [crM + O'p + O'MP + <P + /-lHJimp

(4.3.5)

Solving the last equation of (4.3.5), we have

(4.3.6)

Suppose ip = imp = 0, so that only malaria is present in the popula-

tion. Then, substituting (4.3.6) into the first equation in (4.3.5) yields

(4.3.7)

Solving for i;', from (4.3.7) gives either i:n = 0, which corresponds to a

disease-free equilibrium or

(4.3.8)

From (4.2.5), it is evident that at a stationary point Av = /-lv, which

upon substitution in (4.3.8) yields

(4.3.9)
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where

is the basic reproduction number for malaria.

We state this result in the following lemma

Lemma 4.1. An endemic equilibrium i~" > 0, for malaria-only case exists

provided Rm > 1

Suppose im = imp = 0, so that only pneumonia is present in the pop-

ulation, then the second equation in ('t3.5) becomes

{(3 ..• f3' )) '.. 0pc/'p- j:C+\CJp+T+P,Hf'lp=

from which either i;= 0, which corresponds to the disease free equi-

libricra or

'* 'I 1'/,= ---
p l4 (4.3.10)

where

is the basic reproduction number for pneumonia. v,,~state this result in

the following lemma

Lemma 4.2. An endemic equilibrium i; > 0, for pneumonia-only case

exists provided R; > 1
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Solving for i:np from the third equation in (4.3.5) yields <:

(4.3.11)

Since the state variables are taken as c;reater or equal to zero for t 2:: 0,

from (4.3.10) i:np = 0 if and only if i~ = i:n = i; = 0, which would be a

disease-free equilibrium. However, i:np > ° if i~ > 0, i:n > 0, i;> 0, which

would be an endemic equilibrium. Thus

Lemma 4.3. An endemic equilibrium, i:np > 0 exists provided Rmp > 1

where Rmp is the number of secondary malaria (or pneumonia) infec-

tions due to a single malaria (or a single pneumonia-infective) individual.

The basic reproduction number Rmp· is given by

(4.3.1 ~)

4.4 Local Stability of the disease-free equi-

librium

Theorem 4.4. The disease-free equilil;Tium of (4.3,.3) is locally stable

provided Rm < 1 and Rp < 1. This implies Rmp < 1 since Rmp =

max{Rm, Rp}.

Proof. The local stability of the d.sease-free equilibrium of (4.3.3) can be
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studied from its Jacobian at the disease-free equilibrium. Th! Jacobian

of (4.3.3) at the disease-free equilibrium, denoted J(£O), is given by

-j.Lv

o 0

(4.4.1)
K,-,- /'i,/3pcsh

o -K3

o
o

whereKi = (~+ aM + IT), K2 = /3pCSh - (ap + r +~) and K3 =

(aM+ap+aMP+¢+~) This Jacobian has a distinct negative eigenvalue

given by -(aM + ap + aMP +- ¢+ ~!-).To obtain the other eigenvalues

we reduce (4.4.1) to the 3 x 3 block matrix A defined by

A = (4.4.2)

The matrix A has an eigenvalue .r~ivenby K2 = /3p(;Sh - (ap + r + #:;).
From the condition of boundedness of solutions i.e. 0 ~ NH ~ ;:, K 2

may be expressed as RpSh - 1. This eigenvalue is negative if and only

if Rp < 1. The local stability is studied by examining the trace and

determinant of of the 2 x 2 block matrix B defined by

B - (4.4.3)
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Clearly the trace of B is negative and its determinant is -:...givenby

detB = 1 - R;'ShSv' This determinant is positive if and only if Rm < 1.

This ends the proof.

4.5 Global Stability of the disease-free equi-

librium

If we consider malaria as having a higher steady state i.e Rmp = Rm, then

Theorem 4.5. Tbe disease-free equilibriuni of (4.3.3) is globally stable

provided ti; S 1.

Proof. We may study the global stability of (4.3.3) by using the following

LaSalle-Lyapunov function. Consider the function defined by

(4.5.1)
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The time derivative of (4.5.1) along the solutions of (4.3.3) t; given by

£' ~m )d~
= af3vdt + (UM + 7r + /-LH, dt

= af3v{af3mpivsh - [NAH + {}/3tJc(ip + K,imp) + (UM + zr) - upip
H

-uMim - (UM + Up + J"Mp)imp]im}

+(UM + 7r + /-LH) [af3vUm + oimp)sv - AV'iv]

< a2f3vf3mpivsh - (UM + '7r + J.LH)J.Lviv

a2f3vf3m/-LHAv. ( ) .< A tvSh - UM + 7r + /-LH /-Lvtv
J.Lv H

( ') {a2f3v{3mPHAv }'< UM + 7r T J.LH /-Lv .. \ ( + +'--) Sh - 1 tvj.L~il..H UM 7r J.LH

«UM + 7r + !LH )fi:..{~Sh - 1}iv (4..5.2)

Thus u; ::;1 ensures that £' ::;0 Vim, iv ? O. Furthermore £' = a
whenever Rm = 1 and/or iv = O. L:>,Salle'sinvariance principle then

implies that the disease-free equilibrium is globally stable in the interior

of n. This completes the proof of the theorem. o

If we consider pneumonia as having a higher steady state i.e Rmp = 14,
then

Theorem 4.6. The disease-free equilibruuti of {4.3.3} is globally stable

provided n; s 1.

Proof. Consider the Lyapuncv candidate

(4 ,,.3\
.D .. J
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The time derivative of (4.5.4) along the solutions of (4.3.3) is given by
\

L' ( )dipr + ap + J-lH dt
A= (r -;- ap + J-LH){/3pc(ip + "'imp)sh, - ca/3mpivip - [N: + (ap + r)

-aMim - apip - (aM + ap·';-' JMp)imp]ip}

< (r+ap+J-lH)[/3pcsh-(r+ap+J-lH)]ip

< (r + ap + J-lH)[RpSn - l]ip (4.5.4)

Thus u; :::;1 ensures that L' :::;0 V ip 2: O. Furthermore L' = 0 whenever

Rp = 1 and/or ip = O. LaSalle's invariance principle then implies that

the disease-free equilibrium is globally stable in the interior of n. This

completes the proof of the theorem. 0

4.6 Effect of T'reatment on the dynamics of

the co-infection

Intervention efforts employed in malaria-endemic countries include insecticide-

treated nets (ITNs), intermittent preventive treatment in pregnancy (IPTp)

and infancy (IPTi) and artemisinin-based combination therapy (ACT)

[64]. However, the treatment of malaria in poor resource settings, espe-

cially in the developing world, still remains a challenge. This is because of

the high cost, poor disease surveillance, lack of effective diagnostic equip-

ment, the quality of antimalarial drugs and parasite-drug resistance, poor

supply and distribution chain among other reasons. There are global 8f-

forts aimed at reducing malaria mortality and burden. For example, the
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United States government's six-year comprehensive effort, (with an in-

vestment of 63 billion US dollars, to reduce the burden of disease and

promote healthy communities and families around the world called the

Global Health Initiative (GHI), aanonced in 2009.

To investigate the potential impact of treatment on disease progression,

we carry out sensitivity analysis of the reproduction numbers.

Since children under the age of five years have not developed sufficient

immunity, we consider the malaria recovery rate 7r as a function of treat-

ment. Differentiating Rm partially with respect to 7r yields

7f oR,-..--- -Rm 07r (4.6.1)

The negative sign in (4.6.1) indicates that there is an expected decline in

the rate of new malaria infections- when malaria treatment is scaled up.

Similarly, if the pneumonia recovery rate T is considered as a function of

treatment, then
T

(4.6.2)

which also suggests an expected decline in the rate of new pneumonia

infections when pneumonia treatment is scaled up. In addition, an effec-

tive pneumonia vaccine would ensure that during contact of a vaccinated

susceptible with an infective {3p -+ 0 and hence Rp -+ o.
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4.7 Numerical Simulations

4.7.1 The effect of pneumonia on malaria
a

Figure 4.7.1: The effect of malaria on pneumonia

We observe from this graph that a decrease. in pneumonia cases would

lead to an increase in malaria cases probably due to increased mobility.
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4.7.2 The effect of varying the co-infection recovery

rate, ¢
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Figure 4.7.2: The effect of varying th= co-infection recovery rate, ¢

This graph shows t~at a higher co-infection recovery rate would lead to

a reduction in co-infection cases. This makes the case for comprehensive

laboratory diagnosis to rule out Of confirm co-infection so that the right

treatment is initiated on time.



4.8 Discussion

We formulated a co-infection model for malaria and pneumonia and es-

tablished the existence of its disease-free and endemic states. The local

and global stability of the normalised model were then analysed. It was

shown that if either disease is at a higher prevalence then the disease-

free 9~uilibrium is locally stable provided the co-infection reproduction

number is less than unity. Suitable Lyapunov functions were constructed

to investigate the global stability of C:.~~disease-free equilibrium. We es-

tablished that it is globally stable whenever the co-infection reproduction

number is less than or equal to unity. Biologically speaking, this suggests

that the invasion and spread ci disease ia a population of susceptible" can

be kept under check by ensuring that the basic reproduction number of

either infection is under unity.

The potential impact of treatment on the dynamics of the co-infection

was investigated by carrying out sensitivity analysis of the reproduction

numbers. Considering recovery rate as a function of treatment, the anal-

ysis shows an expected decline in the rate of new infections when treat-

ment is scaled up. From the numerical simulation, i.e. Fig 4.7.2, we also

observe that if the co-infection recovery rate is high then the number of

co-infection cases reduce significantly. Therefore in regions where malaria

is endemic, it would be advisable to conduct laboratory tests to rule out

or confirm co-infection. This would ensure that infections such as pneu-

monia, which have a. symptom overlap with malaria are timely identified

and treated.
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Chapter 5

Modelling the dynamics of

Malaria-Rotavirus co-infection

among children

Mathematical models for the co-infection of P. Jalciparum and rotavirus

in children are rare, yet review shows P_ number of reported cases where

the two coexist. In a study carried out in Ghana, it was observed that

11.8% of the 243 children examined were co-infected with P. Jalciparum

and enteropathogens, where rotavirus was also found to be common en-

teropathogens present in more than half of the patients [46].

5.1 Overview of Rotavirus

Rotavirus is a pathogen of the gastrointestinal tract that causes severe

acute gastroenteritis and diarrhea in infants and young children less than

five years of age worldwide l62]. Severe rotavirus infections occur most
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commonly in infants and children between 6 and 24 months: of age. Its
<;

symptoms include vomiting, watery diarrhoea, and low-grade fever. There

are seven species of rotavirus, referred to as A, B, C, D, E, F and G.

Humans are primarily infected by species A, Band C, most commonly

by species A. The diagnosis of a rotavirus infection is commonly made

clinically, although a rapid antigen stool test is available. Rotavirus is

primarily transmitted by the faecal-oral route, via contact with contam-

inated hands, surfaces and objects [7] and possibly by the respiratory

route [14]. The incubation period is abcut two days [27]. Rsinfection does

occur, however, with each infection, immunity develops, subsequent in-

fections are less severe [36]. Indeed, it has been observed in the study [61]

that children who experienced two natural rotavirus infection had com-

plete protection against moderate-to-severe diarrhea compared to children

without a previous infection. It has also been established that both symp-

tomatic and asymptomatic infections confer similar degree of protection

[61].

It is estimated that about 95% of children worldwide will have experienced

a rotavirus infection by age five [44] :.'-·:~han annual mortality in excess

of 600,000 among children [45]. Rotavirus-related hospitalizations can

account for as many as 2.5% of till hospitalizations of children. Some

review analyses show that rotavirus accounted for 6% of diarrhea episodes

and 20% of deaths caused by diarrhea in children less than five years of

age in developing countries [43]. In Kenya, rotavirus causes more than

7,5CD ::eaths each year. The results of a study on rotavirus infections

among HIV-infected children in Nairobi, Kenya, indicate that rotavirus is
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an important viral etiological agent causing diarrhea in Hl'V-seropositive

children [33].

5.2 Model Description

Although it is possible to have some level of immunity to rotavirus due

to bi castfeeding [5], in this model we shall assume that all the malaria-

negative and rotavirus-negative children are susceptible. We subdivide

the total human population NH into the classes: susceptible SH, infectious

with malaria 1M, latently infected with rotavirus LR, symptomatically in-

fected with rotavirus In, infectious with malaria and latently infected with

rotavirus IMLR and symptomatically infected with both malaria and ro-

tavirus IMR. The latent stage of the rotavirus disease has been considered

because of the fact that exposed individuals can transmit the disease be-

fore and after they develop symptoms [44]. The total mosquito population

Nv is subdivided into the susceptible Sv and infectious Iv classes.

This means that

(5.2.1)

and

Nv =Sv+Iv (5.2.2)

The rates of infection of susceptible humans with malaria and ro-

tavirus are AM and AR respectively while that of susceptible vectors is Av

. The constant per capita recruitment rate into the susceptible human
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and. vector populations are AH and Av respectively. The rate atA,which hu-
<C.-

mans progress from the L R class to the IR class is 'ljJ and let f) = f) M + f) R

be the disease induced mortality in humans. Further, natural death occur

in all human and vector sub-populations at the rates /-LHand/-Lv. Malarial

infection has a depressant effect on the immune system. Acute malarial

parasitemia has a profound immunosuppressant effect, probably through

the activation of suppressor T cella. In an malaria endemic area, young

children may suffer from severe infections (bacterial or protozoal disease!")

as either super-infections or co-infections due to this immunosuppression.

We thus define the parameter () to account for the increased susceptibility

to infection with rotavirus for individuals infected with malaria. The ex-

pected decrease in contact due to ill health as a result of rotavirus disease

is accounted for by the parameter 0 < ? < 1. The individuals displaying

symptoms of both malaria and rotavirus suffer malaria-induced mortality

at the rate of)M, where the parameter 0 accounts for the assumed increase

in malaria-related mortality due to the dual infection with rotavirus and

also suffer rotavirus-induccd mortality at the rate ",f)R, where the parame-

ter '" accounts for the assumed increase in rotavirus-related mortality due

to the dual infection with malaria, The rates of recovery back into the

susceptible class from malaria, symptomatic rotavirus and symptomatic

dual infections are given by 11, 12 and 'Y3respectively.

The force of infection associated with malaria infection in humans is

(5.2.3)

where (3m is the transmission probability of malaria in humans and bm is
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the per capita biting rate of mosquitoes.

The force of infection associated with malaria infection in vectors is

(5.2.4)

where /3..;is the transmission probabil'ty of malaria in vectors, bm is the

per capita biting rate of mosquitoes and ct is a modification parameter ac-

counting for the assumed increased likelihood of infection of vectors from

humans with dual malaria-rctavirus infection as compared to acquiring

infection from humans with malaria only.

The force of infection associated with rotavirus infection is

(5.2.5)

where /3R is the effective contact rate for rotavirus infection and the mod-

ification parameter ¢ accounts for the the fact that individuals displaying

rotavirus symptoms are more infectious than individuals latently infected

with rotavirus. From the above definitions and variables we have the
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following model

dSH
dt

dIM
dt

dLR

dt
dIR
dt

dIMLR--- =dt
dl:.fR

dt
dSv
dt

dIv
dt

~--------------------~~~~-IMASENO UNIVERSITYI
S.G. S. LIBRARY·" j

(5.2.6)

Model (5.2.6) describes the human population and therefore it can be

shown that the associated state variables are non-negative for all time

t 2: 0 and that the solutions of the model (5.2.6) with positive initial data

remain positive for all time t 2: 0 and are uniformly-bounded. We assume

the associated parameters as non-negative for all time t 2: O. Thus (5.2.6)
is mathematically well posed and its dynamics can be considered in the

region ,;, = W H X wtll where

and

(5.2.7)

Wv = {(Sv,[v) : Nv ~ Av}
flv

(5.2.8)
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5.3 Disease-free equilibrium point

W8 denote the disease-free equilibrium (DFE) point by EO and define the

"diseased" classes as the human or mosquito populations that are either

exposed or infectious. Define the positive orthant in lR8 by lR~ and the

boundary of lR~ by alR~.

Lemma 5.1. For all equilibrium points on \IF n alR~J 1M = LR = IR =

IMLR = IMR = Iv = °
The positive DFE for human and mosquito populations for the model

(5.2.6) are
AH Av

NH = -.- and Nv = -.
JlH J-tv

Lemma 5.2. The model (5.2.6) has .';.::;actly one DFE, EO = (!~H.,0, 0, 0,
!JoH

(5.3.1)

0,0, ~,o)

Proof. The proof of the proposition requires that "?-Ie show that DFE is

the only equilibrium point of (5.2.6) on 'II n oIRt. Substituting EO into

(5.2.6) shows all derivatives equal to zero, hence DFE is an equilibrium

point. From Lemma 5.1, the only equilibrium point for NH is ~ and the

only equilibrium point for Nv is &. Thus the only equilibrium point for!-,v

lIt n olR~ is DFE. D

5.3.1. Local stability of the disease-free equilibrium

We investigate the disease-free equilibrium for the model using the ba-

sic reproduction number. We define the basic reproduction number here,
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Rmr as the number of secondary malaria (or rotavirus) infections due to
G

a single malaria (or a single rotavirus-infective) individual, We determine

Rmr using the next generation operator approach [59]. The associated

where hI = II + {)M + J1H: h2 = '!j; + J1H, n« = 12 + {)R + J1H, h4 =
E"p + {)M + J1H, h5 = 13 + 01?M + K,{)R + J.lH and n = ¥HAV.HHJ.Lv

The basic reproduction number Rmr is the spectral radius of the matrix

FV-1• The non-zero eigenvalues of the matrix FV-l are

R,. - J..IL + <Pf3rt/J and D - / b'f",f3mf3vJ.LHAv Therefore
- t/J+J.LH ('Y2+11R+J.LH)(t/J+J.LH) ,Hm -- V AHJ.L~("Yl+t?M+J.LH)·

Rmr is given by

(5.3.2)

Rm is a measure of the average number of secondary malaria infections

in human or mosquito population caused by a single infective human or
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mosquito introduced into an entirely susceptible population. The expres-
G

sion Rm is biologically meaningful. It comprises of the term f3vb
m whichJ.l.v

represents the number of secondary malaria infections in imman caused

by a single infected mosquito, whiie the term A f3(bm/:r~ ) representsH J.l.v1'1 M J.l.H

the number of secondary malaria infections in mosquitoes caused by a

single infected human. Similarly, in R" the term.jJ..E-+ is a measure of
'I' J.l.ll

the average number of secondary rotavirus infections in humans caused

by a single latently infected human, while the term (-y2HRt~~~('Ij;+J.l.H) is a

measure of the average number of secondary rotavirus infection.s in hu-

mans caused by b. single symptomatically infected human introduced into

an entirely susceptible population. The following lemma follows from

Theorem 2 of [59].

Lemma 5.3. The the disease-free equilibrium EO of the model {5.2.6'} is

locally asymptotically stable whenever Rmr < 1 and unstable when Rrllr >
1.

5.3.2 Global stability of the disease-free equilibrium

We investigate the global asymptotic stability (GAS) of the disease-free

equilibrium ofthe model using the theorem by Castillo-Chavez et.al [10].

We rewrite the model as

dX
dt
dZ
dt

- H(X,Z),

- G(X, Z} G(X, 0) = 0 (5.3.3)

79



where X = (SH, Sv) and Z = (IM, LR, IR, IMLR, IMR, Iv), wit~ the compo-
c-

nents of X E }R2 denoting the uninfected population and the components

of Z E ]R6 denoting tile infected population.

The disease-free equilibrium is now denoted as

(5.3.4)

The conditions in (5.3.5) must be met to guarantee a local asymptotic

stability:

dX
dt

= H(X, 0), X* is globally asymptotically stable (GAS)

G(X,Z) P Z - C(X, Z), G(X, Z) 2: 0 for (X, Z) E n (5.3.5)

where P = DzG(X*, 0) is an M-matrix (the off-diagonal elements of P

are non-negative) andI] is the region where the model makes biological

sense. If the system (5.0.3) satisfies the conditions of (5.3.5) then :hp

theorem below holds.

Theorem 5.4. The fixed point EO = (X*, 0) is a globally asymptotically

stable equilibrium of system (5.3.3) provided that Rrnr < 1 and the as-

sumptions in (5.3.5) are satisfied.

Proof. From the model system (5.2.6) and (5.3.3), we have

80



G(X, Z) = PZ - G(X, Z)
<:

where

( -hi a a a a f3mbm

a f3R - h2 ¢f3R ,BR ¢f3R a
0 7j; --h3 0 a a

P=
a a a -ti« 0 0

a a a t-1jJ -h5 a
f3vbm a a f3,;!Jm af3vbm -/-Lv

and

G(X,Z) =

( ~l(X,Z)

G2(X, Z)

G3(X,Z)

G4(X,Z)

G5(X, Z)

. G6(X,Z)

(

f3mbmlv(l - ft) + eARIM

f3:~{LR + IMLR + ¢(IR + h1R)}(1- Jt)
- p>wIR

-(>WLR + eARIM)

-p>wIR

\ !3vbm{(hl -\-IMLR + aIMR)}(l-- ~)

=

G4(X, Z) < 0, Gs(X, Z) < a and so the conditions in (5.3.5) are not

met so EO may not be globally asymptotically stable when Rmr < 1. 0

However, if maximum protection is provided against co-infection dur-

ing an outbreak of rotavirus infection in a malaria-endemic region, then

global stability of the disease-free equilibrium may be achieved. This is

because with such protection G4(X, Z) = Gs(X, Z) = O. In other words,

the fight against malaria and persistent infections such as rotavirus may

be WC,L if co-infection cases are kept at a bare minimum.
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5.4 Endemic equilibrium of the Model
"-

The endemic equilibrium of the model is studied using the Centre Mani-

fold Theorem [8, 9]. To apply this theorem we make the following change

of variables. Let SH = Xl, 1M = X2, LR = X3, IR = X4, IMLR = X5, IMR =

X6, SV = X7, Iv = X8 so that NH :::;:Xl + X2 + X3 + X4 + X5 + X6 and Nv =

X7+X8. The model (5.2.6) can be rewritten in the form dd~ = F(x) where

X = (XI,X2,X3,X4,X5,X6,X7,X8) and F = (!I, h,h,f4,!5,f6, h,f8) as

dXl

dt
dX2

dt
dX3

dt
dX4

dt
dX5

dt
dX6

dt
dX7

dt
dX8

dt

(5.4.1)

where Xi = /3m.bmX8 ),C = (3 b ~2+x5+ax6) and X? - (3 X3+X5+4>(X4+X6)
t M Nil' V V m N'k· R - R N'k .

'I'ne jacobian, J(EO) of (5.4.1) at the DFE EO is given by
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-/-LH -11 -f3R 12 - <fJf3R -f3R 13 - <fJf3R 0 -f3mbm
"--

0 -Kl 0 0 0 0 0 i3""bm

0 0 K2 <fJf3R f3R <fJf3R 0 0

0 0 0 K3 0 0 0 0

0 0 0 0 -K4 0 0 0

0 0 0 0 qu -K5 0 0

0 -/3vbmP 0 0 -Pt,OmP -af3vbm'; -/-Lv 0 I0 f3vbm'P 0 o f3vbmP af3vbmP 0
\

-/-Lv /

where K; = 11 +'!9M +/-LH , K2 = f3R-('l/J+/-LH), K3 = 'l/J-('!9R+/2+/-LH)

K4 = f.1/J + '!9M+ /-LH, Ks = o'!9M + K,'!9R+ 13 + /-LH, and P = J.LAHAV.
Hilv

To analyze the dynamics of (5.4.1), we compute the eigenvectors of the

jacobian of (5.4.1) at the DFE. It can be shown that this jacobian has a

right eigenvector given by

W - w - 0 w - 0 w - 0 and w - (''(l+Kl)W2 W - ·-{3vbmPU!2 W -3 - 4 - , 5 - , 6 - 1 - - ~IH ,7 - /-Iv ,13-

K1W2 > 0
13mbm,W2 = W2

Vg = {3"bmv2•
/-Iv
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Consider the case when Rrnr = 1 (as~;umingthat R; < 14n) and choose the
c

transmission probability of malaria. in humans 13m = f3:n as a bifurcation

parameter. Solving for 13m from Rmr = R", = 1 gives

(5.4.2)

It can be shown after some manipulation involving the evaluation of the

associated non-vanishing partial derivatives of f that

* 2J..LH' 13 13 )s = A
H

tV2u,'IWs mbm + VSW2W7 vbm and

r" - v2wsbm > O. (5.4.3)

Note that s" < 0 since WI < 0 and W7 < O. Thus we have established

the following theorem

Theorem 5.5. Whenever (5.4.3) holds, the model may undergo a [orurard

bifurcation.

This implies that disease transmission in a population of susceptibles

may be contained by a reproduction rnnnber less than unity.

5.5 Discussion

We formulated a co-infection model for malaria and rotavirus. The disease-

free equilibrium is shown to be locally stable provided the co-infection
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reproduction number is less than unity. This equilibrium is not globally
<:

stable due to co-infection. However, we observe that maximum protec-

tion against co-infection during an outbreak of rctavirus infection in a

malaria-endemic region may help achieve this stability. III other words,

the fight against malaria and persistent infections such as rotavirus may

be won if co-infection cases are kept at a bare minimum. Analysis of the

endemic equilibrium, using the Centre manifold theorem, indicates that

the model may undergo a forward bifurcation. This suggests that at the

endemic state, disease spread may be kept under check if the reproduction

number can Debrought below unity.
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Chapter 6

Conclusion and

Recommendations

6.1 Conclusion

In this work, we developed and analvsed three co-infection models to

study the dynamics of the interaction 0I meningitis, pneumonia and ro-

tavirus with malaria.

Specifically, in charter three, we formulated a malaria-meningitis model

and analysed the local stability of the disease-free equilibrium in terms

of the basic reproduction number of the model. We assumed the malaria

basic reproduction number to be greater than the meningitis reproduc-

tion number, and consequently used it as the reproduction number for

the co-infection model. The analysis shows that the disease-free equilib-

rium i.s locally asymptotically stable whenever the reproduction number

is less than unity and unstable otherwise. The global asymptotic stability

(GAS):)+ the disease-free state of tk model was investigated using the

theorem by Castillo-Chavez d. al. We showed that it may not be globally
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stable indicating the possibility of future disease outbreaks ",;hen condi-
e

tions favouring the same are prevailing. The public health implication is

that disease surveillance is an important integral component of the fight

against infections. We also established that maximum protection against

a second infection may help achieve global stability of the disease-free

equilibrium.

We also derived conditions under which the endemic equilibrium of the

model would be locally stable. Whoa an endemic equilibrium point is

stable, then we would expect manageable levels of disease, with mini-

mal deaths and interventions, at peak times of the re-occurrences. We

have also shown the possibility of backward bifurcation occurring for this

model. The occurrence of backward bifurcation implies the co-existence

of a stable endemic equilibrium with the disease-free equilibrium.

In chapter bur we developed a malaria-pneumonia co-infection mociel.

For purposes of convenience, the steady states of the model were anal-

ysed after normalizing the variables in the model. We established the

existeuce of the endemic equilibrium when either only malaria or pneu-

monia is present in the population. The endemic equilibrium for the

cc-infection model is shown to exist S0 long as both diseases are present

in the population. To investigate the potential impact of treatment on

disease dynamics, we carried out sensitivity analysis of the reproduction

numbers. The analysis shows that there is an expected decline in new

infections when treatment is scaled up.

In chapter five we developed and analysed a malaria-rotavirus co-infection

model. The disease-free equilibrium is shown to be locally but not glob-

ally stable. Once again protection against a second infection is shown to
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result in the attainment of the global stability of the disease-free equi-
<:

librium. The analysis of the endemic equilibrium suggests the possibility

of occurrence of forward bifurcation. This suggests that at the endemic

state, disease spread may be kept under check if the reproduction number

can be brought below unity.

6.2 Recommendations

(i) Since people living in malaria-endemic areas are exposed to other

diseases which have a SJi~lptomoverlapwith malaria, we recomn::end

comprehensive laboratory diagnos!cso as to rule out or confirm co-

infection.

(ii) We also recommend that local awl global efforts be stepped up to

improve access to affordable curati ve and preventive measures ;.;~c.!!

as medication, vaccines and insecticide-treated nets.

(iii) Due to the possibility of backward bifurcation, we recommend that

disease surveillance should be done regularly.

(iv) Tilealso recommend that this research be extended to explore the

'~j'namics of co-infection of HIVIAIDS with these persistent child-

hood infections.
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