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Abstract

This paper provides derivation of some basic identities for complex four-component vectors de-
fined in a complex four-dimensional spacetime frame specified by an imaginary temporal axis.
The resulting four-vector identities take exactly the same forms of the standard vector identities
established in the familiar three-dimensional space, thereby confirming the consistency of the de-
finition of the complex four-vectors and their mathematical operations in the general complex
spacetime frame. Contravariant and covariant forms have been defined, providing appropriate
definitions of complex tensors, which point to the possibility of reformulating differential geome-
try within a spacetime frame.
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1. Introduction

In a recent derivation [1], the present author identified the unit wave vector K to be the temporal unit vector
within four-dimensional spacetime frame. The temporal direction is specified as an imaginary axis with unit
vector ik , where i:\/jf is the imaginary number. General spacetime frame is then defined as a complex
four-dimensional coordinate system spanned by the temporal unit vector ik and the three mutually perpendi-
cular spatial unit vectors X, ¥, Z specifying the x, y, z axes, respectively. We take the temporal unit vector k
to have general orientation relative to the spatial unit vectors according to

kK-x#0, k-§#0, k-2#0 1)

The usual assumption, implicit in conventional four-vector mathematics that the temporal axis is perpendicu-
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lar to all the three mutually perpendicular spatial axes, with k-8=0, k- §y=0, k-7=0, may occur only as a
special case to be specified. The basic elements of the complex spacetime frame are complex four-component
vectors, which we generally call four-vectors. We define a general four-vector V in the form

V =V k+V =V K+V, X +V, §+V, 7 (2a)
with the imaginary temporal component V, defined by
V, =-icg, p=¢(r.t) (2b)

where ¢ is a scalar quantity specifying the nature of the temporal component of the four-vector. As usual, t
denotes time. In general, the temporal component of each four-vector occurs along the imaginary temporal axis,
ik , multiplied by a factor —c, where ¢ is the speed of light. We follow standard convention denoting four-
vectors by uppercase letters, e.g., V , while the usual three-component spatial vectors are denoted with arrows
over letter symbols, e.g., r.

According to the general definition in Equations (2a)-(2b), the spacetime displacement four-vector X takes the
form

X=xk|2+r=ku2+x>”<+y9+zi, X, = —ict (33)
while the corresponding event interval dX between two neighboring spacetime points, takes the form
dX = dx K +dr = dx Kk +dxX+dyy +dzZ, dx, =—icdt (3b)
The spacetime derivative four-vector, V is defined as

v-Lkiv=L2%y (4a)
OX, cot
where x, =—ict and V is the usual three-component spatial gradient vector defined by
V:if(+£§/+£2 (4b)
ox oy oz
Interpreting V in Equation (4a) in terms of the general four-vector V in Equations (2a)-(2b) gives
i 0 190
V=V=V, =——, =——=—, V=V 4c
eal PTTea (o)

We observe that the concept of imaginary temporal axis developed here, represents a rediscovery of the idea
of imaginary time first introduced independently by Poincare [2], Lorentz [3] and Einstein [4] in their original
theories of electrodynamics or special relativity in a four-dimensional spacetime frame. These authors did not
identify the temporal unit vector and therefore could not completely specify the complex spacetime frame and
develop the full mathematical operations using complex four-vectors in the manner presented in this paper.

2. Mathematical Operations with Four-Vectors

The general four-component vector form in Equation (2a) with all unit vectors specified allows us to carry out
four-vector mathematical operations in the complex spacetime frame in exactly the same manner as the standard
mathematical operations with the familiar three-component vectors in three-dimensional space. R

In developing the mathematical operations in general form, we shall take the temporal unit vector k to be of
general orientation relative to the spatial unit vectors X, ¥, Z, satisfying the conditions in Equation (1). We de-
note four-vectors with arrows, while the three-component spatial vectors are written in boldface as stated above.
We use two general four-vectors V and U defined by

V=VKk+V, V,=-icg, U=Uk+U, U, =-icop (5)

to develop the mathematical operations with four-vectors. The basic mathematical operations are essentially ad-
dition, subtraction, dot product, cross product, divergence and curl.

2.1. Addition and Subtraction

Four-vector addition and subtraction is straightforward, taking the form
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W =U =V = (U, £V, )k +(U £V) (6)

2.2. The Dot Product
The dot product of the four-vectors U and V is obtained as
UV =(Uk+U)(Vk+V) (7a)
which we expand term by term, maintaining the order of components in the products and then substitute
U, =—icp, V, =—icg from Equation (5), to obtain the dot product in the final form
UV =U-V-cpg—ick-(pV +Ug) (7b)

2.3. The Cross Product
The cross product of the four-vectors U and V is obtained as

UxV =(Uk+U)x(Vk+V ) (8a)
which we expand term by term, using kxk=0, Uxk=-kxU and then substitute U, =-icp, V, =-icg
from Equation (5) to obtain the cross product in the final form

UxV =UxV —ickx(gV —Ug) (8b)

2.4. Divergence of a Four-Vector

Setting U equal to the spacetime derivative four-vector V according to

U :Vzlﬁlhv=—ic(—i2E)I2+V:—ic(pI2+U (93)
cot c” ot
with
10
=———_, U=V 9b
L (9b)

in the general four-vector dot product obtained in Equation (7b), we obtain the divergence of a general four-
vector V in the final form

¢ o (1 oV j
VV=-"4+V.V+ik- | =—-V(c 9c
o P (co) (9c)
2.5. Curl of a Four-Vector

Setting U equal to the spacetime derivative four-vector V according to Equations (9a), (9b) in the general
four-vector cross product obtained in Equation (8b), we obtain the curl of a general four-vector V in the final
form

_y.v itV <K
VxV =V-V I(c p +V(c¢)) k (10)

3. Four-Vector Identities

We now derive some basic four-vector identities in complex four-dimensional spacetime frame, which general-
ize standard vector identities in three-dimensional Euclidean space [5] [6].

3.1. Curl of Gradient Four-Vector

A gradient four-vector V@ generated through application of the spacetime derivative four-vector V on a

scalar function @ is obtained as



J. A. Omolo

vq>=(lﬁ|2+vjq>=—ic[—izaﬂj12+vq> (11a)
c ot c” ot
Setting the general four-vector V equal to the gradient four-vector according to
V=V0= —ic(—izai’jﬁ +VO = —icgk +V (11b)
c® ot
with
1 00
=——"", V=VOb 11c
¢ CZ at ( )
in the general curl of a four-vector obtained in Equation (10), we obtain the curl of a gradient four-vector VO
in the form
VXVD =V x VD i iav—(b—v[lai’j <K (11d)
c ot c ot
which on using the standard three-dimensional space vector analysis results
O} D
VxVO =0, Eal:V(la—j (11e)
c ot c ot
gives the final result
VxV® =0 (12)

This shows that the curl of a gradient four-vector vanishes. This four-vector identity generalizes the corres-
ponding vector identity in standard three-dimensional Euclidean space [5] [6] given in the first part of Equation
(11e).

3.2. Divergence of Curl of a Four-Vector

Taking the divergence of the curl of the general four-vector V in Equation (10), we obtain

V'VXV:(l2|2+Vj-(V><V—i(lﬂ+V(c¢)jx|2J (13a)
cot c ot
which on expanding term by term becomes
v.yxv =1 2Ry +33|2-(1ﬂ+v(c¢))x|2+v-wv —iV-(1ﬂ+V(c¢)ij2 (13b)
cot cot \c ot c ot
Applying standard three-dimensional space vector analysis results
V-V xV =0, ﬁ-[la—v+v(c¢)j><§:0 (13c)
c ot
we express Equation (13b) in the form
v.va:i{Q-[vxlﬂj—v-(Eﬂw(cmjxﬁ} (13d)
c ot c ot
Application of standard three-dimensional space vector identity
V- (QxR)=R:(VxQ)-Q-(VxR) (13e)
gives
1oV ~ 1oV 10V ~
vV |=—+V(c k=k:| Vx| =—+V(c —| =—+V(cg) |-V xk 13
(cf)tJr((Zj)jX [X(06t+(¢)n (cat+(¢)j(x) (130

which on using
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VxV(cp)=0, Vxk=0 (139)
takes the final form
1oV AA 1oV
V.| —+V(c k=k:| Vx—— 13h
[c@t (¢)jx (Xcatj (13h)

Substituting Equation (13h) into Equation (13d) gives the final result
V-VxV =0 (14)
This shows that the divergence of curl of a four-vector vanishes. This four-vector identity generalizes the cor-

responding vector identity in standard three-dimensional Euclidean space [5] [6] given in the first part of Equa-
tion (13c).

3.3. General Vanishing Four-Vector Dot Product: U -(U xV)

The important identity on the vanishing of the divergence of curl of a four-vector in Equation (14) can be gene-
ralized by taking the dot product of the four-vector U and the cross product of the four-vectors U and V
which on using the general result in Equation (8b) is obtained as

U-(UxV)=(Uk+U){UxV +kx(UV -uV, )| (152)
which we expand term by term and use standard three-dimensional space vector identities
U-(UxV)=0, k-{kx(UV-UV,)|=0 (15b)
to obtain
U-(UxV)=K-(UUxV)+U-{kx(UV -UV,)} (15¢)
Applying a three-dimensional space vector identity
U -{kx(UV —UV, )} =k-{(UV —UV, )xU} (15d)
and using
UV, xU =V,UxU =0 (15€)
gives
U -{kx(UV -0V, )} =—k-(UUxV) (15f)

which we substitute into Equation (15c¢) to obtain the final result
U-(UxV)=0 (159)

This result generalizes the divergence of curl of a four-vector obtained in Equation (14). It is a generalization
of the corresponding vector identity in standard three-dimensional Euclidean space [5] [6] given in the first part
of Equation (15b).

3.4. Divergence and Curl of fV

For a scalar function f (r,t), we use the definitions of V and V from Equations (2a) and (4a) to obtain

iop ~ i 0p ~
V.(f\/):(gakJrV).{f(ka+V)}, VX(N):[EEk+ij{f(ka+V)} (162)
Expanding these term by term gives
v.(f\/):[lﬁlawj-vklh(lﬁhw)v+f(lﬁlhvj-vklhf(lﬁlhvj-v (16b)
c ot c ot c ot c ot

&)
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Vx(f\/)z(é%|2+Vfijklz-i-(%%lg-i-Vf)xV+ f (ngkwjxv K+ f[ aaft K+ V)xV (16c)

which we reorganize to obtain the four-vector identities
V(fV)=VEV+ V.V, Vx(fV)=VfxV+fVvxV (16d)

These four-vector identities generalize the corresponding vector identities in standard three-dimensional Euc-
lidean space [5] [6].

3.5. Divergence of Four-Vector Cross Product: V- (U xV)

We use the general form of the curl of a four-vector from equation (10) to obtain

U~(V><V):U~(VxV)—iI2-{c<oV><V+(%%+V(c¢))xu} (172)
.~ 10U
V-(VxU):V-(VxU)—lk{chU J{EEJFV(W)}(V} (17b)
after applying standard three-dimensional space vector identities
1oV ~ 10U ~
k| =—+V(c k=0, k:|=——+V(cp)|xk=0 17c
(c ot ( ¢)]X [c ot ( )j (17c)
1oV ~(1oV
U:|=——+V =k |——+V U 17d
(22wt (2 o) oo
10U ~ ~ (10U
V. |=—+V(cp)|xk=k-| =——+V(cC Y 17
(c&tJr()j [c@t+(¢)jx (7€)

Subtracting Equation (17b) from Equation (17a) and applying standard three-dimensional vector identities,
together with appropriate rules of differentiation of vector products, we obtain the final result

VA(VxU)=U-(VxV ) =V -(UxV ) +ik- {—%(u V)4V eV ) - Vx(CqﬁU)} arf
c
We now use the four-vector cross product from Equation (8b) to obtain
v-(U xv):(lghvj-(u XV —ickx(gV ~Ug)) (182)
c
which we expand as appropriate and apply standard three-dimensional space vector identities
K-kx(gV —Ug)=0, V-kx(gV -Ug)=—K-Vx(gV -Ug) (18b)
to obtain the final result
V-(UxV) = V-(UxV)+ik. {_g(u V)4V x(caV ) - vX(c¢u)} (180)
c
Substituting Equation (17f) into Equation (18c) gives the four-vector identity
V- (UxV)=V-(VxU)-U-(VxV) (18d)

This four-vector identity generalizes the corresponding vector identity in standard three-dimensional Eucli-
dean space [5] [6] given earlier in Equation (13e).

3.6. The Curl of a Four-Vector: Vx(VxV)

Let us start by taking the four-vector curl of the curl of the general complex four-vector in Equation (10) to ob-

tain



J. A. Omolo

i 0 .~ (1oV
VX(VXV)—[EEI(-FVJX(VXV +|kX(EE+V(CA)jJ (19&)
which we on expansion takes the form
VX(VXV):iIZX[Vxlﬂj—EQIZX Kx(lﬂJrV(cA)) +Vx(V XV )+iV x Qx(1ﬂ+v(c/\)j (19b)
c ot cot c ot c ot

Next, we take the four-vector gradient of the divergence of the general complex four-vector in Equation (9c)
to obtain

v(wv):(lﬁhvj %+V-V+i|2-(1ﬂ—v(c/\)j (19¢)

cot ot c ot

which we expand in the form

v(v-v):lﬁﬁ[a—’\w-vj—lﬁﬁ ﬁ-(lﬂ—v(m)j +V(6—A+V~Vj+iv l?(lﬂ—v(czx)] (19d)
cot \ ot cot c ot ot c ot

We apply standard three-dimensional Euclidean space vector identities giving

gx{g.&%_v(m)} K {|2 .G%_v(cA)J}—G%—v(cA)Egﬁ {|2 .G%—v(m)}

(19¢)
. ﬁ.(lﬂ—v(u\)) +1ﬁ[1ﬂ—v(c/\))

c ot c ot cot\c ot

=~ (10V ~ 1oV A 1oV
V(VV)=Vx(V-V)+V¥V (199)

which we substitute into Equation (19d) as appropriate to obtain the final form
v(v-v):lﬁli(a—/\w-vjwé—AWx(v-v)+v2v Log, ﬁ-(la—v—v(cA))

cot \ ot ot c ot c ot (19h)

—lg(lﬂ—v(c/\)}riﬁx(vx%%}ti(ﬁ-v)(%%—v(c/\)}

Subtracting Equation (19b) from Equation (19h) and using standard three-dimensional Euclidean space vector
identities giving

v X{Q-[E%Jrv(c/\)} = {V ~[l%+V(CA)J}IZ—(IZ-V)(E%+V(CA)) (20a)

kx(kxV(cA))=(k-V(cA))k -V (cA) (20b)

we obtain
V(V-V)—VX(VXV)

_io A(%Aw.vjwzv —iaz—v+3ﬁ(|2-v)(c1\|2+iv)—i{v-(lalw(cz\)j} ¢ @0

c ot ¢ at> cot c ot
which on reorganizing
R o(V-V R R .
{V(Eﬂw(m)j}k ={1 (v )+V2(CA)}k, CAK +iV =i(—icAk +v)=iv (20d)
c ot c ot

takes the form

&)
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(1 1 0%V 1oV
V(VV)—VX(VXV)=|[C— a'[z V (CA)Jk+[V2V—C—Zat—j+2|(kV)—— (209)
We easily obtain

(1 8%(cA) - 1 0% 1 82 Pe
|(—2 atZ —VZ(CA) k + VZV—C—ZW = V2 _C_Zat_ ( |CAk+V) V ——ZE \ (20f)

C

which we substitute into Equation (20c) to obtain

V(V-V)-Vx(VxV)= Vz—iiwi(l@v)lﬁ v (20g)
c? ot’ c ot
Setting
10
U=V=V=gp=A=-——, U=V=V (21a)
c” ot

in the general four-vector dot product in Equation (7b) gives

V.V=V2=V? —ia— 2i k- V)12 (21b)
c? ot? ot

which we substitute into Equation (24€) and reorganize to obtain the four-vector identity
Vx(VxV)=V(V-V)-V¥V (22)

This four-vector identity generalizes the corresponding vector identity in standard three-dimensional Eucli-
dean space [5] [6] given earlier in Equation (19g).

3.7. Gradient of Dot Product of Four-Vectors: V(U-V)

For general complex four-vectors U, V , we have

U x(V xV):(—iC(pl2+U)><(V-V +il2x(%%+V(cA)n (232)

x(vXu)=(—icA|Z+v)x[V.u +i|2x[%%u+v(c¢)n (23b)
(U-V)V :{U -V+¢§—i|2-(cw—u %gj}(—icmﬁv) (23¢)
(V-v)u :{v .V+A§_i|2.(c,\v v %%)}(_iwhu) (23d)

Expanding these term by term gives
Ux(VxV)+Vx(VxU)

——Ickx(gonV +AVXU)+ck><{I2 [Qﬂ Aa—j}
c ot 0
PO ~ (23¢)
+Ck><{k><((oV(C )+ AV (co ( ( E_Vj (kxé%j]
U

+i{U x(IZXV(CA))+V x(k xV(C¢7))}+

x(VxV)+V x(VxV).
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—ief(U-V)A (V- v)go}lz_ic(go‘iﬁm‘z]k feo(k-¥)(ca)+cA(k-V) (o)} &

+{(|Z.U) o), (1) 6(C¢)}'Z—i°{¢(l?.v)v A(k-v)u] (230)

c ot c ot ot

+i{(k U)av (k'V)a_U}+(¢aV+ a(;j (U-V)V+(V-V)U.

We apply three-dimensional Euclidean space vector identities to obtain
ok x Qx(ﬂﬂ+ﬁﬂj —elkx[ LN AR (e NV AU (24a)
co c ot co c ot o at c ot

ckx{kx(V (cA)+ AV (cp))f =cfkx(pV (cA)+AV (cp)) k—c(pV (cA) + AV (cp)) (24b)

i{Ux(IZx%aa—\t/j (IZ lﬂ} (U AN . %%)ﬁ |{(|2 u)%%+(|€-v)%%} (24c)
{{Ux(kxV (cA))+V x(KxV (cp))| =1{U -V (cA)+V -V (co)}K=i{(k-U)V (cA)+(k-V )V (cp)|  (24)
—ick x {V xV +Aqu}:—ic{¢v(k.v)+/\v(|2-u)}+ic{¢(12.v)v +A(|2-V)u} (24¢)

Substituting Equations (24a)-(24e) into Equation (23e), adding the result to Equation (23f) and reorganizing
gives

Ux(VxV)+Vx(VxU)+(U-V)V+(V-V)U :GQIZ+V)(U -V)+[%§l€+vj(—c2¢A)
+c{|z.[£ﬂ+é%}|z {(kv)lzf (k. U)l%}lz (241
—ic{gov(lZ-v)H\V(lZ-u)}k—ic{(k-v)V¢+(k-u)VA}|Z.

where we have applied a standard three-dimensional Euclidean space vector identity to introduce

V(U V)=Ux(VxV)+V x(VxU)+(U-V)V +(V-V)U (249)

Rewriting
of (22 + A% Wlwof (R ) 220 (0 2R~ L2 7 {iek (v +un) (252)
—ic{¢v(|2-v)+/\v(|2.u )}|Z—ic{(|2-v)V¢+(|Z-U)VA}|Z:V{—ic|Z-(¢v +UA)| (25b)

we express Equation (24f) in the form
U(VXV )4V x(VxU )+ (U V)V +(V -7)U :G%hvj(u N -GoA-ick-(V +UA)) (250

which on substituting the definition of the spacetime derivative four-vector from Equation (6a) and the four-
vector dot product obtained in Equation (11c), gives the desired four-vector identity in the final form

V(U-V)=Ux(VxV)+V x(VxU)+(U-V)V +(V-V)U (26)

This four-vector identity generalizes the corresponding vector identity in standard three-dimensional Eucli-

&)
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dean space [5] [6] given earlier in Equation (24g).

3.8. Triple Cross Product of Four-Vectors: W x(U xV)

We introduce a third four-vector defined by

W =—icyk +W 7)

and use the four-vector cross product to obtain
W x (U xV):(—iC;(l2+W)x(U xV —iCle((pV —UA)) (28a)

which we expand as
W (U xV) = =ik x (U xV ) =% gk [k x (@V —UA)| =icW x{kx (¥ —UA)}+W x (U xV ) (28b)
We apply standard three-dimensional Euclidean space vector identities to write

—icxkx(U -v):—icl{u(ﬁ-v)—v(ﬁ.u)} (28¢)
~c? gk {kx(V ~UA)} ==¢ 2 {K (K- (9 ~UA))=(oV ~UA)| (28d)
—ieW x {Kx(@V ~UA)} = —ic{K(W (o ~UA))=(aV ~UA)(K-W )} (28¢)
W x(UxV)=U(W-V)-V(W-U) (28f)

which we substitute into Equation (28b) and collect like terms to obtain
W (U xV)=U (W -V —c? yA—ick-( 2V +WA))=V (W -U —¢* gp—ick -(xU +W )
. . . . (289)
—icwk(w Y, —ick-;(V)+icAk(W U —ick.;(u).
We rewrite the last two terms in Equation (28g) by subtracting and adding appropriate terms according to
W -V —ick- pV = (w V —c?yA—ick - pV —icIZ-WA)+c2;(A+icI2-WA (29a)
W -U —ick - yU :(w U —cZyp—ick- yU —ich-W(p)+c2w+ic|2-w(p (29b)
which we substitute back and collect like terms to express Equation (28g) in the form
W x (U xV)
L o " . (29¢)
:(—IC¢)k +U )(W V —c® yA—ick-(xV +WA))—(—|cAk +V)(W U —c*yp—ick-(yU +Wg0)).
Finally, we apply the usual definitions of the four-vectors U , V and introduce the four-vector dot products
W-V =W -V —c?yA—ick-(2V +WA), W-U=W-U-c’yp—ick-(zU+Wgp) (29d)
in Equation (29c¢) to obtain the desired four-vector identity in the form
Wx(UxV)=U(W-V)-V(W-U) (30a)

This four-vector identity generalizes the corresponding vector identity in standard three-dimensional Eucli-
dean space given earlier in Equation (28f).

We easily apply the four-vector identity obtained in Equation (30a) to establish the cyclic property of the
triple four-vector cross product in the form

W><(U><V)+U ><(V><W)+V><(W><U)=O (30b)

which generalizes the corresponding vector identity in standard three-dimensional Euclidean space [5] [6].
The four-vector identities derived in Equations (12), (14), (159), (16d), (18d), (22), (26), (30a) and (30b) con-
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firm the consistency of the definitions of the complex four-component vectors and corresponding mathematical
operations within the complex four-dimensional spacetime frame. This means that complex four-dimensional
spacetime frame characterized by complex four-component vectors is a consistent mathematical extension of the
standard three-dimensional space characterized by the usual three-component vectors. The other four-vector
identities can be derived following similar procedure.

4. Contravariant and Covariant Four-Vectors

To complete the mathematical formalism within complex four-dimensional spacetime frame, we introduce con-
travariant and covariant forms, which are useful in carrying out general mathematical operations with four-vec-
tors. A contravariant four-vector is specified by positive spatial components, while a covariant four-vector is
specified by negative spatial components. We represent the four-vector V in a contravariant form by V# and
in a covariant form by Vv, , where x=0, 1, 2, 3 with 0 labeling the temporal component, while 1, 2, 3 label
the spatial (x, 2 z) components, respectively. We define V# and V, below.
Denoting the four unit vectors by k, X, y, Z as presented in this paper, we define the contravariant coordi-
nates x“ of the general four-dimensional complex spacetime frame in the form [7] [8]
x“, 1=0123 x"=ict, x'=x, x’=y, x*=z (31a)
The corresponding covariant coordinates x_ are defined in the form
X, m=0123 x=x"=ict, x=-x'=-xX, X=-xX'=-y, X =-X'=-2 (31b)
We then express the contravariant spacetime displacement four-vector X* and the corresponding covariant
form X,  as
V7

X# =Xk + KR )T+ XL, X, = XK+ X R+ X, T+ X2 (31c)

which we introduce the position vector r=xX+ yy+zZ according to Equations (31a)-(31b) to express in the
final forms

X “ :—(ictlZ—r), X, :—(ict|2+ r) (31d)
The spacetime event interval takes the contravariant and covariant forms (dx0 = dxo)
dX* = ~dxok +dr = —(icdtk —dr), dX,, = —dxk —dr = (icdtk + dr (31e)
A general four-vector V as defined earlier is expressed in contravariant and covariant forms according to
VO=icg, V'=V,, Vi=v, Vi=V, (32a)
V,=V% V=V, V=V oV, =-V? (32b)
with
VA= VOKHVIRHVEI V32, V, =V K+ VR +V, 9 +V,2 (32¢)
which we express in the final forms
VH = —(ic¢|2—v), V, = —(ic¢|2+v) (32d)

The contravariant and covariant four-vectors are related through complex conjugation in the form
VA=V, Vr=-V# (32€)

1%

We use this contravariant-covariant four-vector conjugation relation to obtain
. 2 ” 2
VAV, :_(V”) . VY, :_(Vﬂ) (32f)

which provides the definition of the invariant length V  of the general four-vector V* or Vv, according to

Ve = (v )| =) (329)

&)
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We express this in the general form
— .
Ve =y

= |v “ -vﬂ| (32h)

Using V#, V, from Equation (32d), noting the relation in Equation (32e), we apply Equation (32g) or (32h)
to obtain the invariant length in the explicit form

~ 2
2cok -V _
1 Y] (0" VI ) =n(c?9* -v[) (32i)
242 2
(e =)
which is modified by a factor 7 arising from the general orientation of the temporal unit vector relative to the
spatial unit vectors according to the definition

(32))

(32K)

where v is the velocity, with speed v = |v| defined as usual. This result has important implications for current
theoretical and experimental research in physics [9] [10].

Tensors in the Complex Spacetime Frame

We now develop the procedure for defining tensors [7] [8] within the general four-dimensional complex space-
time frame. To put the presentation in familiar form, we adopt the standard contravariant and covariant four-
vector notation to express V* and V, from Equation (20d) in the form

V# =—(icg,-V); V,=—(icg,V) (333)
with complex conjugates taking the form
Vv =(icgV)=-V,; V,=(icp,-V)=-V" (33b)

H

where the usual four-vector mathematics is applied, but now taking account of the general orientation of the

temporal unit vector k relative to the spatial unit vectors X, §, 7 to obtain the general results presented

ab(L)J\{s?ﬁg the complex conjugation relation from Equation (33b) gives
VAV =-V#VY VALY, =2V Y, (34a)
from which a definition of complex contravariant and covariant rank-2 tensors T** and T, follows accord-
ing to
T = VAV =VEVY T =V =YY, (34b)
In addition,
VAV =VEV L VRV =Y Y (34c)

provides a definition of complex rank-2 mixed tensors T and T, in the form
T/ =-V* VT =VAY T =V V=V, VY (34d)
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The definition of more general tensors of higher rank follows easily. Some mathematical properties of the
rank-2 tensors defined above can be obtained by interchanging the indices x, v or taking complex conjuga-
tion or carrying out both operations simultaneously.

The complete definition of contravariant and covariant complex four-vectors, which can be used to define
tensors of general ranks in contravariant, covariant or mixed forms, provides the necessary foundation for more
general vector and tensor analysis, leading to reformulation of differential geometry a complex four-dimensional
spacetime frame. This is indeed the origin of a new framework for studying physics, mathematics and related
disciplines in the 21st-century and beyond. Some important implications for physics are presented in [1].

5. Conclusion

All the basic four-vector identities which we have derived in this work take exactly the same form as the stan-
dard vector identities established in the familiar three-dimensional space. This confirms the consistency of the
definition of complex four-component vectors and corresponding mathematical operations within a complex
four-dimensional spacetime frame with an imaginary temporal axis. The contravariant and covariant forms in-
troduced here lead to consistent definitions of complex tensors, which are the basic quantities for reformulation
of differential geometry within complex spacetime frame. This new mathematical framework has important im-
plications for various models of relativistic mechanics, quantum field theory and general relativity as a theory of
gravitation and cosmology.
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