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ON THE CONVEXITY OF STAMPFLI'S NUMERICAL RANGE
J.O. AGURE

This paper investigates a certain type of numerical range introduced by Stampfli.
In particular, we investigate the convexity of this set of elements of operators on
Hilbert spaces and its relationship to the algebra numerical range implemented by
elements of a W*-algebra.

1. INTRODUCTION

Let & be a complex Hilbert space, £(G) the set of bounded linear operators on
$. Stampfli [4] defined the §-numerical range, W5(T'), as the set

Ws(T) = closure{{T'z, z): ||z]] =1 and ||T=z| > §}.

Having introduced this set, he wondered whether for any T € B(X), the set Ws(T) is
convex. (Here B(X) is the set of bounded linear operators on a Banach space X.) We
shall solve this problem for £(&) using an idea of Dekker, Bonsall and Duncan, [2].
We then proceed to introduce the set V5(T'), where

Vs(T) = closure{f(T): f(I)=||fll =1 and Ff(T*T) > 6°}

is the algebra §-numerical range for an element T ‘of a unital W*-algebra §. We
conclude by proving that the sets Wy(T') and V5(T) are actually equal.

We remind the reader that a subset G of C is said to be connected if it cannot
be split into two nonempty open sets. The following lemma shows when the set is

connected.

LEMMA 1.1. Let T be a self adjoint element of £(&) and let
E={z€&: |z|| and (Tz, z) =0}.

Then F is arcwise connected.

The proof of this lemma can be found in Bonsall and Duncan, [2]. We shall now
prove the convexity of the set Wy(T) for any T € £(6). We would like to point out
that the proof of this theorem also appears in the author’s Ph.D. thesis, Agure [1].
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THEOREM 1.2. Wy(T) is a convex set.

PRrROOF: Let I be a straight line in C. To prove that the set W4(T') is convex, it
is enough to show that the intersection Ws(T)N! is a connected set. If T = T} + 1T,
T:=T7,i=1,2 and L = aTy + bT3 + cI, (where I is the identity operator) and a,
b, c are constants, then it is clear that L is a self adjoint operator. Constder the set E
given by

E={zec&: |z| =1, ||[(Th +iT2)z|| > § and (Lz, z) = 0}.

Assume that F is nonempty. We shall show that E is arcwise connected. To do that
choose any two vectors y;, y2 in E. Note that there is no loss of generality in assuming
that the vectors y; and y, are linearly independent elements of E. Clearly if y € E,
then for any a € R, ye® € E and y is joined to ye'® by an arc ¢ that maps [0, a] to
E, t — e'*'y. Next choose a € R such that €**(Ly;, ys) is purely imaginary and take
71 =y16'*, a € R. Secondly take 8 so that

™ Re ((T*T ~ 8*) 71, ePyz) 2 0

and set 3, = ePy,. We are left with the task of showing that 7, can be joined to 72 by
an arc in E. It is clear that (L, %,) will be purely imaginary. Now with 0 < s <1,
let z(s) and p(s) be given by

o(6) = (1= )+ el Do) = rals).
We shall show that the arc p(s) isin the set E by first proving that (Lp(s), p(s)) =
0, and then ||Tp(s)|| 2 6. Now
(Lz(s), z(s)) = (L(1 = 8)%1 + 5%z, (1 - 8)T1 + s2)
= (1= 9)"(L§1, 1) + (1 - $)s({L§, Ta) + L2y T1)) + 5 (LT, B2)
= (1 —s)s{(L#1, T2) + (LF2, 1)} = 2(1 — 5)sRe (L1, §2) = 0
s (L1, J2) is purely imaginary Therefore it is clear that (Lp(s), p(s)) = 0. Also

2 1
ITp(s)II" = e )”2 IT2(s))|* = Tk —————(T'z(s), Tz(s))

= L= o ITRIP + TR + 201 - o)s8?Re (31, T2)
EB]

+2(1 — 8)sRe (TG, Th) — 26%(1 — s)se (fi, ) |

282 1 2(1 — 5)s6%Re (1, o
> ( TE 7 {ll2(s)I1* 62 +2(1 - 5)s8?Re (31, Ta)+
21 — 5)sRe (TF:, T5) — 26%(1 — s)sRe (G, g2>}

1
= § — 8)sRe ((T*T — 6%) 71, 52)}-
P+ s (21— e (T - )5, )
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And we see that || T'p(s)|| > é by virtue of (*). We therefore conclude that the set E is
connected and the required arc is p(s). Now define the mapping T on E by

w(z) = (Tiz, =) +i(Trz, z), V2 € E.

Then it is clear that n(z) € I and n(z) € Ws(T). So Ws(T) Nl = n(z). This
mapping is also continuous. Since F is connected and the mapping 7 is continuous we
conclude that 7(E) is connected and hence W5(T) is convex. 0

We shall now introduce the algebra numerical range. Suppose i is a unital W*-
algebra, {* its dual and E(4) the set of states on i, that is

EW) ={fed: f(I)=1= |7}
Then for any T in { we define V4(T) by
Vs(Y) = closure{f(T): f € E(U) and f(T*T) > §°}.

THEOREM 1.3. Vi(T) is a convex set.

PROOF: Let Ay and A; € V4(T'). Then there exists states g1 and g2 on i such
that g1(T) = A1, g1(T*T) > 62 and go(T) = Az, g2(T*T) > 6*. Nowfor 0 < @ <1,
let

9(T) = agi(T) + (1 — a)g2(T).

The problem is to show that g(T) € V3(T). It is clear that g is linear and that

9(T*T) = ag(T*T) + (1 ~ a)g(T*T)
2 ab’ 4+ (1-a)s® =6 >0.

Therefore g is a positive linear functional and since
9(I) = agi(I) + (1 - @)g>(I) =1, and |jglj =1,

g is in fact a state on Y. Hence ¢(T) € V5(T). 0
Having proved that both sets Wy(T') and V;(T') are convex we shall now show that
those two sets are actually equal.
THEOREM 1.4. Forany T € £(6), Ws(T) = Vs(T).

PRrOOF: It is easy to show that Wys(T') C V5(T). To prove the converse, we shall
assume that A € V3(T') and A ¢ W(T') and deduce a contradiction. Since A € V§(T),
it follows that there exists a state f in 4* such that f(T) = X and f(T*T) > 6.
Ws(T) is convex. By rotating T, we may assume that

ReWs(T) < Rerl—a, a>0.
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Let
G={z€G,|z|| =1and Re(Tz, z) > ReA ~ /2, a > 0}

and
n =sup{||Tz| : = € G}.

Then 1 < §. The set G is nonempty because if it is not, then for all z € &, ||z]| =1,
we shall have
Re(Tz,z) < Red—af2, a>0.

But since f is a weak*-limit of convex combinations of vector states
Ve>03IN =N(e): Vn> N, |fa(T)- f(T)| <.
Also we can find M = M{(e) such that for all n > M the following inequality will hold:
falT"T) = H(T'T)| < e.

Take ¢ < min{a/2, (62 — 26n)/2} and n > max(N, M). Since
f(T) = Zai“’n(T) = Za,-(Ta:,-, z;)
i=1 i=1

n
for 0€ a; <1,and Y o; =1, we have
i1

Re fn(z) = Re Z ajwz,(T) = Re Ea,-(T:c,', z;)
i=1 =1
= Za.-?Re (Tz;, z;) < Red —a/f2.
i=1

But fa(z) > f(T) — € and therefore we see that Re fn(z) > Re A — ¢, implying that
€ > /2, which is a contradiction.

Now for all z; € G, we have ||Tz;|| < 5. Since also f(T*T) < fa(T*T) + ¢ and
82 < f(T*T) we obtain

82 < f(T'T) < fulT*T) + € = ¥ i |Tai|® + < 7* + (8 — 26n) /2

i=1

=7' +1/2(8 — n)* = 7*/2
=n?/24+1/2(6 —9)* < 6,

which is a contradiction. So we see that A ¢ W(T) implying that A ¢ Vs(T'). Hence
X € V4(T) implies that A € W4(T), and so Vg(T) C Ws(T). 0
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